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ABSTRACT. In this paper, we introduce the fuzzy Natural transform (FNT)
method to solve the fuzzy Volterra integro-differential equation (VFIDE)
of the first kind with a convolution kernel under Hukuhara differentia-
bility. The FNT method is a simple and reliable approach to solving
such equations analytically. Finally, an illustrative example with crisp
convolution kernels is given to show the ability of the proposed method.

1. INTRODUCTION

In recent years, the area of fuzzy integro-differential equations (FIDE) has
developed a lot and plays a key role in the field of engineering. Furthermore,
FIDEs in a fuzzy setting are a natural way to model the ambiguity of dynamic
systems. Consequently, different scientific fields, such as physics, geography,
medicine, and biology, attach great importance to the solution of different
FIDE. Solutions to these equations can be utilized in different engineering
problems. The working concept is based on the main presumption that the
fuzzy events are to be measured by fuzzy numbers. The technique to realize
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2 A. GEORGIEVA, Y. GUDALOVA

this concept has been independently introduced by Dubois and Prade [3] for
fuzzy domains of the real line and by Yager [25] in a more general framework.
One of the most important fields of fuzzy theory is fuzzy differential equations
[2, [4) T3], fuzzy integral equations [I4] and fuzzy integro-differential equations
[5L 6l 8, [16].

Integral transforms constitute fundamental tools in operational calculus.
They are mathematical operators that have been used widely in solving many
practical problems in applied mathematics, physics, and engineering. The pre-
cursor of integral transforms is the Fourier transform, which is used to express
functions in a finite interval. There are a number of works on the theories
and applications of integral transforms, some of which are Laplace, Mellin and
Hankel transforms [9, [I5] 17, 20, 21]. Subsequently, the concept of integral
transforms was expanded to remove the necessity of finite intervals.

The Natural transform evolved from the Fourier integral, and it converges
into the Laplace transform and the Sumudu transform given a unit value to each
transform parameters, respectively. The definition of the Natural transform
and the study of their properties and applications were first made by Khan
and Khan [I1]. Several research works in connection with Natural transform
properties and applications are published in [I].

The subject of this paper is to apply the fuzzy Natural transform for solving
the convolution type fuzzy Volterra integro-differential equation.

/z ki(x —s) ©w(s))ds @ /z ko(z — s) ©® w™(s)ds = g(x), (1.1)
0 0

with the initial conditions.

wD(0) =b;, i=0,1,2,....m— 1, (1.2)

where ko(z — 8) # 0, k1, ko : [a,b] X [a,b] = R, are continuous functions and
g,w : [a,b] — E! are continuous fuzzy-number valued functions and b; (i =
0,1,...,m — 1) are fuzzy numbers. The set E' is the set of all fuzzy numbers.

By using fuzzy Natural transform method, we directly convert fuzzy Volterra
integro-differential equation into an algebraic equation. Solving this algebraic
equation and applying fuzzy inverse Natural transform, we obtain the exact
solution. This method is illustrated by an example.

2. PRELIMINARIES

In this section, we give some basic definitions and theorems for fuzzy num-
bers, fuzzy-valued functions, and derivatives of fuzzy-valued functions.
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Definition 2.1. [7] A fuzzy number is a function v : R — [0, 1] that satisfies
the following properties

(1) u is upper semi-continuous on R,

(2) u(x) = 0 outside of some interval [c, d],

(3) there are real numbers a and b with ¢ < a < b < d, such that u
increasing on [c, a], decreasing on [b, d] and u(z) = 1 for each x € [a, b,

(4) w is fuzzy convex set i. e. that is u(Ax + (1 — N)y) > min{u(z), u(y)}
for all z,y € R and X € [0, 1].

The set of all fuzzy numbers is denoted by E'. Any real number a € R can
be interpreted as a fuzzy number a = x[,), where

() = a, T=a
Xa)' =30, z#a
Therefore R C E*.

Definition 2.2. [I0] Let u € E' and r € (0,1]. The set of the r-level u is the
crisp set {x € R: u(x) > r}.

Denote [u]" the set of the r-level of fuzzy number w.

It can be concluded that any set of r-levels is bounded and closed interval
and denoted by [u(r),u(r)] for all € [0, 1], where the functions u, @ : [0,1] — R
are the lower and upper bound of [u]", respectively.

Definition 2.3. [I0] A fuzzy number in parametric form is given as an order
pair of the form u = (u(r),u(r)), where 0 < r < 1 satisfying the following
conditions

(1) u(r)is a bounded left continuous monotonic increasing function in [0, 1],

(2) u(r) is a bounded left continuous monotonic decreasing function in
[0,1],

(3) w(r) <u(r).

For an arbitrary fuzzy number u = (u(r),w(r)),v = (v(r),v(r)) and an
arbitrary crisp number k£ € R the addition and the scalar multiplication are
defined by [u® o]’ = [u] + o] = [u(r) + (r), 7(r) +5(r)] and

k [ ]’I“ [kg(r),k‘ﬂ(?“)], k Z O
Jult =
[ku(r), ku(r)], k<0.
The neutral element with respect to @ in E', denoted by 0 = X[o]- The

algebraic properties of addition and scalar multiplication of fuzzy numbers are
given in [23].

kou]" =
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Definition 2.4. [18] Let z,y € E! and there exists an element z € E!, such
that © = y @ z. Then z is called the H-difference of z and y and is given by
roey.

We use the Hausdorff metric as the distance between fuzzy numbers.

Definition 2.5. [7] For arbitrary fuzzy numbers

u = (u(r),u(r))
and
v = (v(r),v(r))

the quantity

d(u,v) = sup max{lu(r) — u(r)|, [a(r) —o(r)|}

rel0,1]
is the distance between u, v.

The space (E!, d) is a complete metric space.

Let I C R. Then for any fuzzy-number-valued function f : I — E' we
can define the functions f(.,7), f(.,r) : I C R = R, by f(t,r) = f(t,r),
f(t,r) = f(t,r) for each t € I, for each r € [0,1]. These functions are called
the left and right r—level functions of f.

Theorem 2.6. [24] Let for all v € [0,1] the functions f(z,r) and f(z,r) be
Riemann-integrable in [0,b] for every b > 0 and there are constants M(r) > 0
and M(r) > 0, such that

b b
/ (z,r)|de < M(r) / (z,7)|dz < M(r), for everyb > 0.
0 0

Then the function f(x) is improper fuzzy Riemann-integrable on [0,00) and

(FR) 7f(:r)dz = 7f(x, r)dxdy, 7]"(:10, r)dx
0 0 0

For fuzzy valued functions w = w(x) we define the H-derivatives as given in
[19, 22].

Definition 2.7. Let w : (a,b) — E'. Then w is said to be a strongly gen-
eralized H-differentiable function at z¢ € (a,b), if there exists an element
w'(xp) € E' such that
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(1) for all h > 0 sufficiently small, the H-differences
w(:z:o + h) © w($0), w(:co) S ’w(:lfofh),

exist and the following limits hold

lim w(xg + h) © w(xg) — lim w(zg) © w(xo—h) — w'(x0)
h—0 h h—0 h
(2) for all h > 0 sufficiently small, the H-differences
w(zg) © w(xzo + h), w(xg—h) S w(zxg),
exist and the following limits hold
lim Y@ O W@+ )y wlwo —h) Swl@) _ iy
h—0 —h h—0 —h

The first type of differentiability as in Definition is referred to as (i)-
differentiable, while the second type is referred to as (i¢)-differentiable.

Theorem 2.8. [2] Let w : (a,b) — E* be a continuous fuzzy-valued function
and w(z) = (w(z,r),w(z,r)) for allr € [0,1]. Then

(1) if w(x) is (i)-differentiable, then w(x,r) and W(x,r) are differentiable

and
w'(x) = (w'(z,r), W(x,r)). (2.1)
(2) if w(zx) is (i1)-differentiable, then w(x,r) and wW(x,r) are differentiable
and
w'(z) = (W (x,7), w'(z,7)). (2.2)

For fuzzy valued functions w = w(x) we define the m-th order H-derivatives
as given in [§].

Definition 2.9. Let w : (a,b) — E!, then w is said to be a strongly generalized
H-differentiable function of the m-th order at xg € (a,b), if there exists an
element

w'™ (z0) € B

such that
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(1) for all A > 0 sufficiently small, the H-differences w(™~ ) (xq + h) ©
w™ D (20), w™ D (20) ©wm=Y (xg—h), exist and the following lim-

its hold

wlm—D (wo-‘rh)@w(m*l)(xo) _
- =

= lim w(m_l)(zﬂ)ezﬂ(m_n(mo*h) = w(™ (),

(2) for all h > 0 sufficiently small, the H-differences
w™ V) (z0) 6 w™ V(2o + h), w™ D (xg—h)Sw™ D (z),

exist, and the following limits hold

w(?nfl) ($o)@w(7n71)($0+h) _
7 =

lim
h—0
W) oM Ew T (o) ) ()

= lim
h—0

Similarly to Theorem [2.§ we have the following results from m-th order
strongly generalized H-differentiability of fuzzy-valued function.

Theorem 2.10. [2] Let w(z), w'(x), ...,w™ D (z) be differentiable fuzzy-
valued functions and w(z) = (w(z,r),w(z,r)) for all v € [0,1]. Then
(1) ifw(z) and w'(z), ...,w™ V() are (i)-differentiable, then w(zx,r) and
w(x,r) are H-differentiable of the m-th order and

w(m)(x) = (w(m) (z,7), w™ (1‘77')) .

(2) if w(z) and w'(z), ..,w"" V(z) are (i)-differentiable, then w(zx,r)
and W(x,r) are H-differentiable of the m-th order and

w(m)(@’) = (W(m) (z,7), w(m) (x,r)) if mis even,

w'™ () = (w(m)(x,r), w™) (xn‘)) if mis odd.

(3) ifw(x) is (i)-differentiable and w'(x), ...,w™ Y (x) are (ii)-differentiable,
then w(z,r) and W(x,r) are H-differentiable of the m-th order and

u}(m)(l‘) — (@(m) (z,7), w(m) (CL‘,T)) if mis even,

w'™ (z) = (m(m) (z,r), w™ (x,r)) if mis odd.
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(4) ifw(x) is (ii)-differentiable and w'(z), ...,w™ Y (z) are (i)-differentiable,
then w(z,r) and W(x,r) are H-differentiable of the m-th order and
w™ (z) = (E(m) (z,7), w™ (x,r)) .

3. Fuzzy NATURAL TRANSFORM

Definition 3.1. Let w : R — E! be a continuous fuzzy-valued function and
let the function e™** ® w(ux) is improper fuzzy Riemann-integrable on [0, 00),
then

(FR) / e % © w(uz)dz,
0
is called fuzzy Natural transform (FNT) and is denoted by

W(s;u) = Nw(x)] = (FR)/efm © w(uz)dz, (3.1)
0

for s > 0, and u € [—01, 02], where the variable u is used to factor the variable
x in the argument of the fuzzy-valued function, and oy, o9 > 0.

The parametric form of FNT is as follows

N{w(z)] = (n[w(z, r)], nfw(z,)]), (3-2)

where

’I’L[w(x, T)] = W(u, r) = — 8T

e 5w (ux, r)dr.

w
N

Equation (3.1)) we can rewrite in the form

W(s;u) = Nw(x)] = %(FR)/e_% O w(x)dx (3.4)
0

Definition 3.2. [5] The fuzzy inverse Natural transform can be written as the
formula

N7 HWsiu]] = w(z) = (0= W sy u,r)]],n ™ [Wls; (u,1)]])
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where
1 Y4100
-1 . _ b s2 o
n [E[s,um)]]—%m / ew Wis;u,r)|du,
y—100
1 Y+100
17 . T
n [W[S’U’T)H_Qm / ew Wis;u,r)|du.
y—100

For all r € [0,1] the functions W/[(s,p); (u,v,7)] and W|[(s,p); (u,v,7)] must
be analytic functions for all w and v in the region defined by the inequalities
Reu > 7 and Rev > §, where v and § are real constants to be chosen in a
suitable way.

In [I2] classical Natural transform is applied to some special functions.
(1) Let w(z) =1 for z > 0, then

(2) Let w(x) = 2™, where m is a positive integer, then
m

nfw(z)] = m! 5:1-5-1'

(3) Let w(x) = e, where a is any constant, then
1

s—au

nlw(z)] =

(4) Let w(x,y) = cos(ax), where a is any constant, then
(s — au)

nlcos(ax)] = 2T au?)

(5) Let w(x) = sin(ax), where a is any constant, then

(s + au)

n[sin(ax)] = 52T aZu?)

Definition 3.3. If k(z) and w(z) are fuzzy Riemann integrable functions, then
the fuzzy convolution of k(x) and w(z) is given by

(k+w)(z) = (FR) / k(z — 5) © w(s)ds (3.5)

and the symbol * denotes the fuzzy convolution.
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Theorem 3.4. Let k : [0,00) = R and w(x) be fuzzy functions. Then the FNT
of the fuzzy convolution k and w, is given by

N[(k * w)(z)] = un[k(z)] © N{w(z)]. (3.6)

Proof. By applying the definition of FNT and fuzzy convolution, one obtains
the following result

N(k  w)(z)] = %(FR) / =% © (k + w)(x)da.

The fuzzy convolution k and w can be presented parametrically as follows
(k*w)(z) = ((k*w)(z,r), (k*w)(z,7)).

Then from Theorem 3.1 in [12], we have

n[(k * w)(z,7)] = % 76—? / k(@ — a)w(a, r)da | da.

Let » = x — a and extend the upper bound of integrals to x — oo it implies
that

n[(k*w)(z,r)] = %/e_%w(a,r)da/e_%k(n)dn.
0 -n

The function k(z) has zero value for z < 0, therefore

n[(k*w)(x,r)] = 1 /e_%y(a,r)da/e_%k(n)dn.

" 0 0
Then
nl(kx w)(z,r)] = unlk(z)|nfw(z,r)].

The proof is complete. O

We introduce results of FNT for fuzzy derivatives.

Theorem 3.5. Let w : R — E' be a continuous fuzzy-valued function. The
functions e~ ** Ow(uzx), e=** Ow™ (uzx) are improper fuzzy Riemann-integrable
on [0,00). Then

N [0 (@)] = T INw@)], (3.7)

where n € N.
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Proof. Let the function w(x) be (i)-differentiable. From the definition of FNT,
we have

N [w™(z)] = (FR) Zoe_“ © w'™ (ux)dr =

= (f e 52w (uz)dzt, [ e‘”w(m)(uw)dx> =

0 0

o0
= d‘i—mm L)f e 5w (ux)de, f e 5w z] = Cgc—mmN[w(:z:)].
The proof is complete. O

Theorem 3.6. Let w : R — E' and the functions e~ © w(uzx), e 5% ©
w™) (uzx) be improper fuzzy Riemann-integrable on [0,00) and the functions
w(zx), w'(x), ..., w™ Y (x) be differentiable fuzzy-valued functions and w(z) =

(w(z,r),w(x,r)) for all r €[0,1]. Then

(1) ifw(z) and w'(z), ...,w™ V() are (i)-differentiable, then w(x,r) and
w(x,r) are H-differentiable of the m-th order and

N [w(m) (x)} = (n [Q(m)(x,r)] n [E(m)(x,r)D .

(2) if w(z) and w'(z), ..,w""V(z) are (i)-differentiable, then w(zx,r)
and W(x,r) are H-differentiable of the m-th order and

N {w(m)(z)} = (n [E(m) (35,7’)] )8 [M(m) (a?,r)]) if mis even,

N {w(m)(z)] = (n [Q(m) (x,r)] )8 {@(m)(x,r)}) if mis odd.

(8) ifw(x) is (i)-differentiable and w'(z), ...,w™ V) (x) are (ii)-differentiable,
then w(z,r) and wW(x,r) are H-differentiable of the m-th order and

[ (m) } ( { (m )a? T‘):|,n|:w(m)(m,’r)i|) if mis even,

[w(m) x)} ( [ m) (g r)} {E(m)(m,r)D if misodd.

(4) ifw(z) is (ii)-differentiable and w' (z), ...,w™ Y (z) are (i)-differentiable,
then w(z,r) and W(x,r) are H-differentiable of the m-th order and

N {w(m) (x)} = (n [ﬁ(m)(x,r)] N [Q(m)(x,r)D ,
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n [Q(m)(:c,r)} = (2) w(x,r)] Zm: S;] [ m=i) (g, r)} , (3.8)

Jj=1

n [@) (7)) = (z)mn [@(x,r)] — i S;j (@, 7)] (3.9)

x=0
=1 ’

Proof. Let the function w(x) be (i)-differentiable. By induction, we prove the
equation (3.8). For m = 1 from condition ([2.1)) we have

N [w'(z)] = (n[w'(z,7)], nf@(z,r)).
By us, part integration, and condition ([3.3)) we obtain

o0

nlw'(z,r)] = /e‘”’w’(um r)dr = %(sn[@(x,r)] —w(0,7)).

0

Let for m = k the equation (3.8)) hold. Then

n {Q(k)(x,r)} = (g)k (z,7)] zk: s;j [ (k=1) (¢ T)]

Jj=1

Hence, for m = k + 1 we get

S [w(k“‘l)(x, r)] =

= u’ =0
k+1 .,
= (&) M nfw(e, )] - 2 L [ D (2]
j=1

The proof is complete. O



12 A. GEORGIEVA, Y. GUDALOVA

4. Fuzzy NATURAL TRANSFORM METHOD FOR SOLVING VOLTERRA
INTEGRO-DIFFERENTIAL EQUATION

In this section, we introduce the parametric form of the integro-differential
equation (|1.1), (1.2)) and then apply FNT to solve this equation.
Applying FNT on both sides of the integro-differential equation (1.1)).

N {(FR) Of Fi(e— ) © w(:z:)dx} ®

(4.1)
®N [(FR) J ka(x —s) ® w(m)(m)dx} = S[g(z)].
Using fuzzy convolution we obtain the following formula
unlky (z)] © Nlw(z)] @ unlks(z)] © N[w™ (2)] = N[g(z)].  (4.2)

Consider the parametric form of w(x) and g(z) respectively
w(z,r) = (w(z,r),w(x,r))
and

g(z,r) = (g9(x,r),g(x,7r)), 0<r <1, x€la,b].

Consider the functions k;(z) >0, i = 1,2.
Let w(™ (z) = (0™ (z,r), w™ (z, 7)). Then the parametric form of equa-

tion is as follows
unlks (@)l (z, )] + unfka())n [w™ (2, )] = nlg(a, )

unlky (@)]nfw(e, )] + unlks ()]0 [ (2,7)] = nlge, )]

Then, using Theorem [3.6] and the initial conditions, we get

unlba (@) nfue, ) +unfio)] | (2) " nlate,r) = 32 2 b, 0) | = nlg(e, )]
j=1
i s\ si=t_
unlky (@)|n[@ (@, ) +unlkx(@)] | (2) nf@, )] = Y ==b.;(r) | =nlgla.r)).
j=1
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Hence, we obtain

W™ nlg(z, )] + umnlks(x )]g Sty ()
nlw(e,)} = W[y ()] + 5™ nlka (7)) (4.3)
n[g(z, )] + umnlky(2)] 32 Sbuj(r)

umnlky(z)] + smnlka(z)]
Applying the inverse Natural transform, we find the solution of the equation

’ '

Case 2. Let w™(z) = (@™ (z,7), w™ (x,r)). Then the parametric form
of equation (4.1) is as follows

wnky (2)]nw(w, )] + unlka(@)]n [0 (@,7)| = nlg(z, )]
unlky (2)|n[@(z, )] + unlka(z)]n [@m) (z, r)} = n[g(z, ).

Then, using Theorem [3.6] and the initial conditions, we get the following

um—l

I

nfw(z, r)] =

(4.4)

unlky(x)nfw(z, r)]+unlka(z)) (f>mn[w(x,r)] - Z S;; by (r)| = nlg(z,7)]

Ju

unlky(@)nfi (e, )} +unfro(e)] | (2) " nluwte, ) = 32 = b, 50| = nlge. )

uJ b j
i—1

<.

Hence, we obtain

unlky (z)nfw (e, r)] + s™nlks (2)]nfw(z, r)] =

m . (4.5)
=um"nfg(x,r)] + umnlks(z)] ;1 s —i(r)
umnlki(z)|n[w(z, r)] + s"nlkz()nfw(z,r)] =
(4.6)

= u" " n[g(z,r)] + u"nlks(z)] in: by (7).

Jj=1

From and ( we find n[w(z,r)] and n[w(z,r)]. Applying the inverse
Natural transform we obtam the solutlon of the equation (1.1]), (1.2).
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5. NUMERICAL EXAMPLE
In this section, we find the solution of Volterra integro-differential equation

by using FNT. Consider the following equation

x x

/w(s)ds @ (FR) /(:17 —s)ow"(s)ds = g(x), z€]0,1],

0 0

with initial condition w(0) = (0,0), w’(0) = (0,0) and
g(x) = ((3;3 + x2) (1+7), <f + x2> (3 — r)) .

In this case k1(z —s) =1, ko(x —s) =z — s and by = (0,0), by = (0,0).
Let w(x) and w'(z) are (7) or (ii)-differentiable. Then
w'(z) = (' (z,r), W'(z,r)).
Using equations (4.3)) and (4.4) we obtain

un[g(z,r)]
nw(x,r)| = unlki(2)] + s2n[ko ()]

and
_ _ un[g(z,r)]
n[@(@,r)] = u2nlki(x)] + s2nlkz(x)]’
where
3 u2
nlg(z,7)] = (;n[mg] + n[ac2]) (147) = (284 + 233) (1+7),
U3 u2
nlg(z,7)] = (;n[a:3] + n[xQ]) (38-r) = (254 + 283) (38-r),
ik ()] = nll] = -, nlka(e)] = nle] = 5.
Hence
u(2§—j+22—§) (7)) 2u2(u? + su)(1 +7) u?
ol )] = S - 2O e
and

3 2
U(QZT +25 ) (L+7) 2u?(u? + su)(3 — ) u?

nlwe ) = =g P 1 su)
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Applying the inverse Natural transform, we obtain

and

w(z,r) =n~ 25 (141 = 2% (1 +7)

2

W(z,r) =n~' 2558 = )] = 2?3 7).

6. CONCLUSIONS

In this research paper, we introduce a new fuzzy integral transform, called
a fuzzy Natural transform, which is defined with the help of the unitary Nat-
ural transform. We establish some of its basic properties. We prove theorems
about fuzzy Hukuhara derivatives and fuzzy unit convolution. Using these
new results, we successfully obtained the exact solution to a fuzzy Volterra
integro-differential equation with convolution kernels. We construct a numeri-
cal example to illustrate the application of the new method.
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Pestome. B tazu craTusi e BbBesieH MeTo/1a Ha pa3MUATOTO mpeobpal3yBane Ha Ha-
TypaJl U € U3MOJI3BaH 3a pellaBaHe Ha PAa3MUTOTO WHTErPO-Iu(epeHITNAHO ypaBHe-
Hre Ha Bosrepa OoT bpBU poOj ¢ KOHBOJIIOIMOHHO SIIPO MPU AUMEPEHITUPYEMOCT IO
Xykyxapa. [lokazano e, 4e nmpeI0KeHIAT METOJ, € IPOCT U HAJEXKIEH MOIX07 33 aHa-
JIMTUYHO pelllaBaHe Ha TaKWBa ypaBHeHU:d. Hakpas e majieH MIIOCTpATUBEH IPUMED
C TOYHH KOHBOJIIOIIMOHHU s/Ipa, 33 Ja Ce IIOKake e(peKTUBHOCTTA Ha IIPEJJIOKEHUS
MeTO/I,.
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