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Abstract. In this paper we obtain some lower bounds for the unique
positive root (the effective rate of the bond, or effective rate of an an-

n
nuity) of the algebraic equation z" — Z a;z™~" = 0. This is a further
=1

=
improvement of the known results in the financial mathematics. Inter-
esting numerical examples are presented.
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1. Introduction

Several problems in the classical mathematics of finance lead to a class of
polynomial equation [3]:

n—1
(1) P(z)=Ca" =Y Bjz" 7 —A=0
j=1

with only one single positive root o, where A is the purchase price of the bond
paid to the issuer; B; = B is a periodic payment paid according to the contract

I This research has been partially supported by the project of Bulgarian National Scientific
Found from 2010.
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rate of the bond; C = K + B, where K is the purchase rate of the bond when
sold at the bond market; n is the term of the bond (usually number of full
years or months).

The effective rate of the bond p is given by the unique positive root o of
equation (1) (according to DESCARTES’ rule of sign) and p = X — 1.

For ordinary annuities with growing periodic payments we have: C' is the
present value of the annuity; B; = hi~1B is the periodic payment beginning
with the amount of B and with growth factor h [9].

In the classical mathematics of finance one important measure for the
profitability of an investment is its internal rate of return.

The internal rate of return is an abstract number associated with the cash
flow streams of the investment.

For investment form the associated polynomial equation determining the
internal rate of return is

(2) P(z)=a" — Z a;z""" = 0.
i=1

Various estimations for the unique root ¢ of equation (2) can be found in
2], (6], [8], [7) and [4].

In this paper we give another estimations.

The following theorems by Deutsch [1] are more often applicable:

Theorem A. Let A = (a;;) be a non-negative irreducible n x n matrix

and let z = (21,...,2,)7 and y = (y1,...,yn)? be positive vectors satisfying
Az = Dz,
ATy = Dy,

for some positive diagonal matrix
D = diag(dl, dg, sy dn)
If 2 is not Perron vector of A, then

yT Dz
yTz’

3) p(A) >

T

where p(A) is the spectral radius of the matrix A.
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Theorem B. Using the same notation as in Theorem A, then

diziy;

L TD TDx
(4) p(A) > [[d.Y 7" = nyx :
=1

Theorem C. Using the same notation as in Theorem A, then

Z;Yi Tp
(5) p(A) 2t = [t —d) v'* > L0,

yTx

for all
t>p(A)+ 11;11;%}(”(@ — Q).

Remark 1. t =3 + max (d; — ay;) is a lower bound for p(A).

Some of the possible values of § are:

a) the largest row sum of A;
b) the largest column sum of A;
¢) max; d;.

2. Main results

We note that, the known estimations for the positive root o, based on
Theorems A - C are valid for z = (1,1,...,1)T.

The first estimation for o, based on Theorem B with arbitrary 2; = A, i =
1,...,n, A >0 can be found in [4]:

(6) o2

where
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Evidently,

i.e.

Remark 2. Consequently, if we choos A to be near %, then the estimation
(6) will be more precisely.

In this paper we give estimations for ¢, based on Deutsch’s Theorem C for
arbitrary positive vector x.
We state the following

Theorem 1. Let

For arbitrary z1,...,z,, for the positive root o of the equation (2) the
following estimation hold:

Hq @y

NE

||
v

n n zq+
> 2 e | L oy i
o Z a1+ o a;T; . a;x;
i=2

=2

n
x E
ﬁ a;T;
=2

n
n r1 + g Hi@i T
X a1+%gaixi—% 1=2
i=2

n

Ln L
s D T

1=n

)

n
n Ty + E Hi@i T
2 Tp—1 i—2
X ... X a1+—gaﬂ:,;f =
x X
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where
=1
k4l .
,uz-:g , 1 =2,3,...,n.
Tk
k=1

Proof. Let us associate with the polynomial p(z) the corresponding ma-

trix
ay; az as ... Qapn—1 Qn
10 0 0 0
A0 _l o 1 0 ... 0 o0
A1,...,0n
0 0 0 1 0

with det(A .. —2I) = (=1)"P(z).

The matrix At(;f)a is non-negative and irreducible. By the Perron-
Frobenius theorem, this implies that At(;f)a has a positive eigenvalue equal
to its spectral radius p(A,(fj)a), ie. p(A((ff)a) =o0.

Let A = Agf?,,,,an. From the relation

Ax = Dz,
we find
d—liax'dk—x]%l k=23 n
1 — by - ’ T Ly dy ey T
i3 Tk
Then the system
(AT = D)y =0
yields
1 n
y1=1, yp = , k=23,...,n.
Te-1 35

Let (see, Theorem C)

t =0+ max (d; — a;) = maxd; + max (d; — a;).
1<i<n i 1<i<n
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Using the assumptions in Theorem 1 we have

di —a; = max (d; —a;), di = maxd;
and
) fmat 23
=a; + — aRTh.
1 2 kTk

Now, we have

n
(9) ylo =z + Zﬂiaﬂi
i=2
and
T n
k
(10) T1iYr = T1, TrYk = Z‘“xi’ k=23,...,n.
R
Evidently
n
t— d1 = %Zaka:k,
k=2
n
k=2
n
t—dy = a1+ 2> apzp — 2L
k=2

From the last expression, eq. (8), (9), (10) and from the left inequality in
(5) we get the bound (7).
The proof is complete.
3. Special choise of the parameters

The vector z = (21, 2,...,%,)T > 0 can be taken in arbitrary way.

106



Bounds for the Unique Positive Root of a Polynomial ...

First, if choose
=N, i=1,2,....,n, A\>0
we get the following result.

Corollary 1. For arbitrary positive A for the positive root o of the poly-
nomial P(z) the following estimation hold:

1 F—-1
(11) 02a1+2GFG(a1+2G)\>

G = i ai)\i_l,
=2

F=a + Z(Z - 1)&1)\Z
=2

We note that the lower bound for ¢ is more precise.

Remark 3. Consequently, if we choos A to be near %, then the estimation
(11) will be more precisely.

Another special choose for z; be the following

-1
i k=1,2
Ty, = 1 2 o, ? =L4...,m,
@i, T, +ooctag ]
where 0 < x; are arbitrary for i # i1,42,...,%y, and p1, o, . .., [y are com-

pletely numbers.

Remark 4. The explicit bounds for the unique positive root in the term
of finance can be obtained using the approach given in this paper.

Remark 5. Such results are important for the determination of the R-
order of convergence of iterative process (IP) that produces a sequence of ap-

proximations {z*} with the limit point z*.
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For the errors

n—1

i ai+1

n* D <~ ] (n(’“ )) :
=0

a;>0,i=1,2,....,n, vy >0, k>n—1.

The recurrence has the R-order of convergence Ogr(IP,x*) of at least o,
where o is the unique positive root of the equation (2) (see, [5]).

4. Numerical example

The polynomial
Px)=2°—-2>-2r-3=0

has the root o ~ 2.37442.
We observe that in the case z; = 1 from the known estimation by M.Petkovic
and L. Petkovic [8]:

n
E iai
=1

T
oY Dx _ 7

< T o
1 —&-Zaz

i=2

we find
7
0> 5 =23(3).

From (6) with A = 1 we get the following bound:

o>2 (1-375)0.52380952380952380952 ~ 2.36305737.

From the new bound (11) with A = 1 we find:

o > 4.5 — (5.50127125486284241139)"-44444444444440444844 9 36648904
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IMPEINIWN3HU OINEHKMUW 3A EJVMHCTBEHN A ITOJIOZKNTEJIEH
KOPEH HA EANH KJIAC ITOJIMHOMM OT
OBJIACTTA HA ®THAHCOBATA MATEMATUKA

Huxkourait [Tasios, Hukona Bowiraanos, Hukomait Kriopktnes

Pestome. Penuna kiacudecku mnpobjieMu OT (DUHAHCOBATA MaTEeMaTHUKA
BOJST JI0 U3CJIEIBAHE U TIOJyJaBaHe HA MPEIU3HU OIEHKHU 32 HYJIU Ha aJredpu-
9€eH MOJIMHOM, KOETO € B TsICHA BPb3Ka C OIEHKHU 38 e(eKTUBEH pa3Mep Ha OOH ¢
HapacTBallla IPEMUS U yJ9acTre Ha BropudeH nasap. [losyuenure B HacTosmara
CcTaTus OIEHKHM MOTaT Jia Ce M3MO0JI3BAT U 33 OIEHKA Ha MHBECTHIIMOHHU ITPOEK-
TU U PUCK Ha Bb3BPBITAEMOCT, KAKTO U 3a IPENU3upaHe Ha PeJia Ha CXOIUMOCT
Ha PEeJINIA UTEPAIMOHHA METOAM OT ajredpara U aHAInu3a.
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