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1. Introduction and Preliminaries

The classical Banach contraction theorem has a lot of applications [1]. One of
the interesting generalizations of Banach contraction is the well known Meir -
Keeler contraction theorem [12]. In [3], the following notions are introduced.If A
and B are non empty subsets of a metric space (X,d), andif T': AUB — AUB
is such that T'(A) C T(B) and T(B) C T'(A), then T is called a cyclic map. A
point x € AU B is called a best proximity point if d(z, Tx) = dist(A, B), where
dist(A, B) = inf{d(x,y) : x € A and y € B}. In this paper a best proximity
point is obtained for a map called cyclic contraction. It is further generalized
in [2] by introducing a map called cyclic Meir Keeler contraction.
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If (X,d) is a metric space, A1, As, ..., A, (p > 2) are non empty subsets of
Xand T : UY_|A; — U A;, then T is called a p—cyclic map if T'(4;) C Ajq1,
where we use the notation A, = Ay [9]. Results about best proximity points
are obtained for p—cyclic contractions in [9], which is a generalization of cyclic
contractions introduced in [3]. The results of [2] were generalized in [7] by
introducing a map called p—cyclic Meir- Keeler contractions. Further these
results are generalized in a new direction in [8] by introducing a map called
cyclic orbital Meir-Keeler contraction. Further development of the cyclic orbital
type of maps was investigated in [4], [5], [6]. The introduction of orbital type
of cyclic maps eases a lot the verifications of the conditions that ensure the
existence and uniqueness of best proximity points. We will illustrate this in the
final section with an example.

The conditions of the p-cyclic contractions [9], p-cyclic Meir-Keeler con-
tractions [7], p-cyclic orbital Meir-Keeler contractions [10] and weak p—cyclic
Kannan contractions [15] are such that the distances between the adjacent sets
need to be equal. This condition on the sets is relaxed in the p—summing maps
introduced in [14] and further developed in [18].

We will use the convention A, ; = A; for j = 1,2,...p. Let us denote by
P = Z?:l diSt(Aj, AjJrl),

p—1

sp(z1, @2, ..., xp) = Zd(xj,xj+l) + d(zp, x1),
j=1

where if z; € A; then 1, € A4y for every £ = 1,2,...,p — 1. From the
definition of s, it is easy to see that for any x,;, € A;4j-1, j = 1,2,...,p there
holds the equality

Sp(Tnys Tnyy -5 Tny) = Sp(Tnps Tngs Ty - -+ 5 Ty )
sp(xnp,pxnpa TnyyTngy - - - 7xnp72) (1)

- sp(xngaxnga s 7xnp7x1)-

Two conditions (P.1) and (P.2) were imposed on the investigated maps in
[18].

Definition 1. ([18]) Let A;, i = 1,2...,p be subsets of a metric space
(X,p) and T : | UV_; A; — UJf_, A; be a cyclic map. The map T is called a
p—summing cyclic orbital Meir-Keeler contraction if there exists x € A; with
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the properties

for every € > 0 there exists § > 0 such that
if there holds the inequality
sp(TP" Lo y1, 99,y Ypo1) < P+e+6
formeNand y, € A;,i=1,2...,p—1,
then there holds the inequality
sp(TPz, Ty, Ty, ..., Typ—1) < P +e.

(P.1)

and
for every € > 0 there exists § > 0 such that

if there holds the inequality
sp(TP"x,y2,y3, ..., Yp) < P+e+46
formeNand y; € A;,1=2,3...,p,
then there holds the inequality
sp(TP" o, Tys, Tys, ..., Tyy) < P +e.

(P.2)

We have weaken condition (P1) and removed condition (P2) in the main
result for existence and uniqueness of best proximity points. This not only
increase the set of the Meir-Keeler type maps that have best proximity points
but help us to verify easier the sufficient condition and therefore we were able
to present an example with integral operators.

Deep results, that characterize the Meir—Keeler maps are obtained by in-
troducing the notion of L-functions [11].

Definition 2. ([11]) A function ¢ : [0,00) — [0,00) is called an L -
function if ¢(0) = 0, ¢(s) > 0 for s € (0,00) and for every s € (0,00) there
exists a 0 > 0 such that ¢(t) < s for every ¢ € [s, s + d].

Lim also gave a set of equivalent conditions for L - functions [11]. Suzuki
generalize Lim’s results [17]. We will need the following lemma for the proof of
the main results.

Lemma 1. ([17]) Let Y be a non empty set and let f,g : Y — [0,00).
Then the following are equivalent:

(i) For each € > 0 there exists a 0 > 0 such that f(z) < e+ = g(z) <e.

(ii) There exists an L - function ¢ (which may chosen to be a non decreasing
and continuous) such that f(x) > 0 = g(z) < ¢(f(z)), = € Y and
f(z)=0=g(z)=0, z€Y.

The next two lemmas are crucial in the investigation of best proximity
points in uniformly convex Banach spaces.
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Lemma 2. ([3]) Let A be a nonempty closed and convex subset and B
be a nonempty closed subset of a uniformly convex Banach space. Let {x,}>°
and {z,}72, be sequences in A and {y,}°2, be a sequence in B satisfying:

(i) lim |z, — yn| = dist(A, B);
n—o0

(ii) for every € > 0 there exists Ny € N, such that for all m > n > Ny there
holds the inequality ||z, — y,|| < dist(A, B) + €.

Then for every € > 0 there exists N1 € N, such that for all m > n > N, there
holds the inequality ||z, — z,|| < €.

Lemma 3. ([3]) Let A be a nonempty closed and convex subset and B
be a nonempty closed subset of a uniformly convex Banach space. Let {z,}7
and {zp}72, be sequences in A and {y,}>>, be a sequence in B satisfying:

(i) lim ||z, — yn|| = dist(A, B);
n—00
(ii) lim ||z, — yn| = dist(A, B).
n—oo
Then lim ||z, — 2,|| = 0.
n—oo

Lemma 4. ([18] Let A, B be closed subsets of a strictly convex Banach
space (X, || - ||), such that dist(A, B) > 0 and let A be convex. If z,z € A and
y € B be such that |z —y|| = ||z — y|| = dist(A, B), then z = z.

2. Main Result
We will start with some notations, which we will introduce just to fit some of

the formulas in the text field.
Let (X,d) be a metric space and (X, | - ||) be a Banach space. For a

Banach space (X, | -|) we will always consider the metric d, endowed by
the norm, ie. d(z,y) = [z —y|. Let Ay, Az, ..., A, be non empty sub-
sets of a metric space (X,d). We will use the convention A,; = A; for

7 = 1,2,...p. Just to fit some of the formulas in the text field let us de-
note Sp i k(,y) = sp(TP"lx, TPy
prn—ith=lg ph—iy pk=itly  TP==1ly) for x,y, which belong to one and the
same set A;, 7 =1,2,...,pand k=1,2,...,p— 1.

We will write explicitly s, x(z,y) for i = 0,1 and k = 1,2, 3 just to make
clearer the above notation.

Spman(@,y) = p(TP" 'z, y) + py, Ty) + - - + p(TP 3y, TP~ 2y)
+p(TP2y, TP 1),
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spoi(z,y) = p(TP"x, Ty) + p(Ty, T?y) + - -
+p(TP~2y, TP~ Yy) + p(TP~ 1y, TP x),

spn2(wy) = p(TP"~la, TPx) + p(T™"z, Ty) + p(Ty, %)
oo p(TP 3y, TP~ 2y) + p(TP 2y, TP 1),

spm02(x,y) = p(TPx, TP o) + p(TP"+ iz, T?y)
+p(T?y, T?y) + - + p(TP~2y, TP~ 1y)
(TP, TP,

spmas(@,y) = p(TPla, TPrz) + p(TP"x, TP )
+p(TP"Hz, T?y) + p(T?y, T3y) + - - -
—|—,0(T10—3y7 Tp—2y) + p(Tp—2y7 Tpn_lgc)’

Spn03(t,y) = p(TPhx, TP ) 4 p(TP+ g, TPn+2g)
+p(TP 22, T3y) + p(T3y, Thy) + - - -
+p(Tp_2y7 Tp_ly) + p(Tp—ly’ Tpnx)’

Definition 3. Let Aq, Ao, ..., A, be non empty subsets of a metric space
(X,d). Let T : UY_JA; — UY_|A; be a p-cyclic map. The map T is called a
p—summing cyclic orbital Meir-Keeler contraction of type 2 with a constant D
if there exists x € Ay with the property for every € > 0 there is § > 0, such
that for all k =1,2,...p— 1 and all y € Ay there holds

if sppik(e,y) <D+e+dforneNandye Ay
then there holds the inequality sp,0%(z,y) < D +¢

(1)

We call these maps of type 2, because they are different from the maps
introduced in [18].

Theorem 4. Let A;, i = 1,2,...,p be nonempty closed subsets of a
complete metric space (X, p). Let T be a p—summing cyclic orbital Meir-Keeler
contraction of type 2 with a constant D = 0. Then there exists a unique
¢ € NP_, A;, such that:

(a) TE =¢&;
(b) for any x € A;, that satisfies (1) there holds ILm TPy = €.

Theorem 5. Let Ay, Ay, ..., A, be non empty closed and convex subsets
of a uniformly convex Banach space (X, ||.||) . Let T : U'_jA; — UY_ A; be a
p—summing cyclic orbital Meir-Keeler contraction of type 2 with a constant D
equal to P or to zero. Then there exists a unique point, say £ € Ay, such that:

(a) for every x € A; satisfying (1), the sequence {TP"z} converges to &;
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(b) € is a best proximity point of T in Ay and T7¢ is a best proximity point of
T in A1+]’,‘

(c) € is a fixed point for the map TP : A} — Aj.

3. Auxiliary Results

Lemma 5. Let (X,d) be a complete metric space. Let A;, i = 1,...,p be
non empty subsets of X. Let T : U'_JA; — UY_| A; be a p—summing cyclic
orbital Meir-Keeler contraction of type 2 with a constant D equal either to P
or to zero. Then

(i) the inequality spn.01(T,y) < Spn.1.k(x,y) holds for x € Ay, which satisfies
(1), n e N and y € Ay;

(ii) sp(Tiz, T9 . ... TIHP 1) < s,(T9 e, T, ..., TITP~2g);
(iii) lim sp(T"x, T, ..., T"P~1z) = P for x € A; satistying (1).
n—oo
Proof. T) Let us consider the case D = P.
(i) Let z € A; satisfy (1). Define the following sets: C; = {TP" 1%z :n €

N} for j = 0,1,...,p—2 and By = {TF 1y : y € Ay}, for k =1,...,p— 1.
Define

fk,gkICOXC&X'“XCk,lXBkXBkJrlX“'XBp_l—)[O,OO)

as follows: fi(z,y) = Spn1k(z,y) — P and gi(x,y) = spnox(z,y) — P.
We will write explicitly f for k£ = 1,2,3 just to make clearer the above
definition
f1:C’0 XBl XBQ Xoee XBp,1 — [0,00),

fQICO><ClXBQXBgX"'XBp_l—)[0,00),
fg:CoXClXCQXBgXB4X"'><Bp,1—)[0,00).

Then fj and gy satisfy the condition (1) of Lemma 3. Hence there exists
an L function ¢ such that

Sp,n,O,k(x’y) -P< ¢k(5p,n,1,k(x’y) - P)v if Sp,n,l,k(x’y) > P

and
Sp,n,O,k(xa Z/) - P= ¢k(8p,n,l,k(xa y) - P)7 ifsp,n,l,k(xv y) =P
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From the definition of the L function, it follows that
Spn,0,k(T, Y) < Spp1 k(2 y) when s, 05(2,y) >0 (2)

Sp,n,O,k(xa y) = Sp,n,l,k(xa y) when Sp,n,l,k(x7 y) =0, (3)

foralln € Nyall y € A; and all k =0,1,2,...p — 1. Therefore (i) is proved.
(ii). For any j € N there exists k = 0,1,...,p—1, so that j+k = pn. Then
using (1) and (i) we get the chain of inequlities

L Sp(zj, TjJrlx, ... ,TjJrk*lx’ TjJFkx’ Tj+k+1x7 o ’Tjerflx)
= Sp(Tj'Hﬁx’ Tj+k+1x’ o ,Tj+p—1$7 T]CC, Tj+1$7 o ,Tj+k—1x)
= sp(TPMa, TPy, . Ton=ktp=ly on=hky  Trnly)
= Spn,0k(®, TP x) < 5p 1 k2, TP )

- Sp(Tpn71x7 TP, ... ’Tpnkarprx’ Tpnikilxy R ,Tp"*Q.CE)
= sp(TIF-Yg, Tithg . TI+P=2g Ti=ly Tig, ... TI+k=2g)
= (T, T, ... TITh=2g Tith=ly Titky . TIitP=2y)
= ijl-

(iii) Put rp, = sp(T"2, T, ..., TP~ z), then r, > P. It follows from (ii)

that the sequence {r,}72 ; is a nonincreasing sequence. Hence lim r, =r > P.
n—00

We claim that » = P. Let us suppose the contrary, i.e. r > P. Put
gg =r — P > 0. There exists 6 > 0 such that the inequality r, < P + ¢¢ holds
whenever

a1 < P+ e+ 0. (4)

By lim r, = r it follow that there is ng € N, such that for any n > ng there
n—oo

holds the inequalities r < r,, < r+ 6 = ¢9 + P + 0. Therefore (4) holds for
n —1 > ng. Thus by the assumption that 7" is a p-summing cyclic orbital
Meir—-Keeler contraction of type 2 the inequality 7, < P 4 &9 = r holds for
every n > ng, which is a contradiction. Consequently r = P.

IT) The case D = 0 is proven in a similar fashion. O

Corollary 6. Let A;, i = 1,2,...,p be nonempty closed subsets of a
metric space (X, p) and T be a p-summing cyclic orbital Meir-Keeler con-
traction of type 2 with a constant D equal either to P of to zero. Then for
any x € Ay that satisfies (1) and for any j = 0,1,2,...,p — 1 there hold
lim p(TP"Hp, TP g) = dist(Aj41, Aj12) and nll_)Irolo p(TPTPHig TPrtitlyy —

n—oo

diSt(Aj+1, Aj+2) .
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Lemma 6. Let (X,d) be a complete metric space. Let A;, i = 1,...,p be
non empty subsets of X. Let T : UY_j A; — UY_| A; be a p-cyclic map, which is
a p—summing cyclic orbital Meir-Keeler contraction of type 2 with a constant
D = 0. Then for any x € A; that satisfies (1) and for any ¢ > 0

(i) there exists Ny € N such that for any m > n > Ny there holds

sp(TP"x, TPty Pl TPmPTly) <oy (5)

(ii) there is N1 € N so that the inequalities
p(TP 2z, TP 3y < & and p(TP" P~ 1o, TP"z) < &
holds for any m >n > Nj.

Proof. (i) We will prove Lemma 6 by induction on m.

Let € > 0 be arbitrary. There exists ¢ > 0, such that condition (1) holds
true.

By Lemma 5 there exists N1 € N such that there holds the inequality

sp(TP"x, ..., TP g . TPPP1g) < ¢

for every n > Ni. From Corollary 6 there exists No € N, such that for every
n > N there hold p(TP"Hi =2, TP Hi~1g) < % for j = 1,2,...,p. Put Ny =
HlaX{Nl, NQ}

Inequality (5) is true for m =n > Nj.

Let (5) holds true for some m > n.

We will prove that (5) holds true for m + 1.

Put Sy = s,(TP" 1a, Tp(mtl) g ppm+l)+ly. , TP+ D) +p=24),
By Lemma 5 and the inductive assumption we obtain the inequalities
S, = Sp(Tpnflx’ Tp(erl)x’ Tp(erl)Jrlx’ o ’Tp(m+1)+p+1x)
< (TP oY)y e p-2)
_|_2p(Tpn—1x’ Tp(n-f—l)—lx)
< (TP rlmat) g o) en-2)
) Z?:l p(Tpn+jf2x’ Tanrjflx) (6)
< s5p(TPx, TPmtly, . TPmrPol)

49 25:1 p(Tanrjf?x’ Tanrjflx)
< e+ 2p2% =c+4.

The map T is a p—summing cyclic orbital Meir—Keeler contraction of type 2
with D = 0 and from the choice of x € Ay, § > 0 and (6) it follows that

sp(TP"z, P+l el oo

(ii) The proof follows directly from (i). O
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Lemma 7. Let A;, i = 1,2,...,p be nonempty closed subsets of a uni-
formly convex Banach space (X,|| -||). Let T be a p—summing cyclic orbital
Meir-Keeler contraction of type 2 with a constant D = P. Then for every
x € Ay, satisfying (1) there hold:

(i) li_>m |TPrtig — TPt D+ = 0 for every j = 0,1,...,p — 1;
n (o]

(ii) for any € > 0 there exists Ny € N such that for any m > n > Ny there
holds the inequality

sp(TP"x, TPty P2y TPl < P gy (7)

(iii) for any € > 0 there exists Ny € N such that p(TP"z, TP z) < & and
p(TPmHP=ly TPPx) < ¢ hold for any m > n > Nj.

Proof. (i) By Corollary 6 for any j =0,1,...,p — 1 it follows that

lim || 7Py — TP+ || = dist(Aj11, Aj42)

n—0o0

and

Tim [ TP — T | = dist(Ag 41, A ).

According to Lemma 3 it follows lim || TP""z — Tp(”“)ﬂxH =0.
n—oo

(ii) We will prove by induction on m.

Let € > 0 be arbitrary. There exists ¢ > 0, such that condition (1) holds
true.

By Lemma 5 there exists N1 € N such that there holds the inequality
(TP, ..., TP " g . TP Py < Pge

for every n > Nj. By (i) there exists Ny € N such that there hold the inequali-
ties || TP Px — TP"zx|| < 0/2 for every n > Ny. Put Ny = max{Ny, Na}.
Inequality (7) is true for m =n > Nj.
Let (7) holds true for some m > n.
We will prove that (7) holds true for m + 1.
Let us put Sy = s, (TP Py, TP g TPH2g  TPHP=lg) Tt is easy to
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observe that
pm—+p—2 ' '
Sy = || TPn—Py — TP Hlg| + g | T2 — T9 g

J=pm+1
+||TPmAP=Ly — TPn=Py||

< || Tenry — TP 4 (| TP — TP+ g
pm—~+p—2
+ Y Tz — T
j=pm+1
+||TPmAr—Ly — TPg|| 4 | TP Py — TP |
= sp(Tp”x, Tpm+1x, Tpm+2:c, ce ,Tpm+p—1:c)

2| TPy — TPy,

Consequently for any n > Ny there holds Sy < P+ ¢+ 6. From (1) we get the
inequality

Sy = sp(TP" Py, TPl TemA2y ,Tpm+p—1x)
— sy (TPmtp=ly TPn—pg Trmtly Temit2g o pmAp=2g)
< P+e+6.

Therefore from (1) it follows that

Sp(Tperpx’ TPr—ptly Tp(m+1)*p+2x7 o ’Tp(erl)*lx) < P+e.
Thus we get
sp(Tp”_p+1:c, pPmAD)=p+2,, pelm+l)=pt+d,. ,Tp(m+1):c) < P+e.
Put Sz = s, (TP, TP+ D+ pelm+l) 42, ppim+D)+p=14) and
Sy = Sp(:/’er—prlgc’Tzo(m+1)—10+2957Tp(rthl)—Jth?)gg7 o, TPmED ),

From Lemma 5 we get the inequalities Sy < Sy < P + ¢.
(iii) The proof follows from (ii). O

4. Proof of Main Result

Proof. (of Theorem 4) (a) Let x € A; satisfies (1). We claim that for any
e > 0 there exists Ny € N, such that the inequality p(TP"x,TP"z) < € holds
for any m >n > Nj.
For any € > 0 by Lemma 6 there is Ny € N such that there holds the
inequality
max{p(TP"x, TP ), p(TP™" o TP"2)} < £/2
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for every m > n > Ny. Thus by the inequalities
p(TP"x, TP z) < p(TP "z, TP ) + p(TP"™ o, TP"x) < &

it follows that the sequence {TP"x}2° ; is a Cauchy sequences and therefore by
the completeness of the space (X, p) it follows that there exists £ € X such that
lim TPy = &.

n—o0
By the inequality p(TP" 1z, &) < p(TP" Mo, TP x) + p(TP 2, ¢) and Lemma
6 it follows that
lim 7Py = ¢, (8)
n—o0
From the inequality p(TP"* 2z, &) < p(TP"F 22, TP M) + p(TPP 1z, €), (9) and
Lemma 6 it follows that

lim 77" 2z = lim TP"z = lim 77"y = ¢, (9)
n—o0 n— o0 n—o0

We can obtain in a similar fashion the equalities

lim 7P" g = lim TPz = ¢
n—oo n—oo
holds for every j = 0,1,2,...,p — 1. Since A;, i = 1,2,...p are closed sets
we obtain that £ € A; for every ¢ = 1,2,...,p. Consequently we get that
£eNis A
We will prove that T¢ = . We apply (5) and the continuity if the function
p(+,y) in the next chain of inequalities

p(éva) S Sp(§7T£7T2§7 e 7Tp_1§)

= lim s, (17", TE, T%, ..., T771¢)

< hm sp(Tpnflx, ETE, ..., TP72E)
n—

= hm sp(TP Lo, TPx, TE, ..., TP72)
n—oo

< lim s, (TP 20, TP~z € TE, ... TP=3¢).
n—oo

By applying the above procedure p-times and Lemma 5 we get

p(§7T§) S Sp(§7T£7T2§7 e 7Tp_1€)
< lim sp(Tp(”_l)x, TP(n=D+1g ,Tp(”_1)+(p_1):c)
n—oo
= 0.

Thus £ is a fixed point for the map T
(b) It remains to prove that & is unique.
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Suppose that there exists z € A, z # x, which satisfies (1). Then by
what we have just proved it follows that {TP"z}5°, converges to some point
n € (h_, A;, such that Tn = 7. Since D = 0 it follows that

lim s, (TP"z, TPy, TP 2y, TP P~ 1) = 0.
n—oo

From the continuity of the function p(-,-) and Lemma 5 we get

p€) = lim p(TPe, TP1g)
n—ro0
< 1Lm sp(TPrz, TPy TP 20 TPP=ly) = 0.
n o0
Hence & = . O

Proof. (of Theorem 5) Let = € A; satisfies (1).

Case I) Let D = 0. From Theorem 4 there exists a unique fixed point of T
which is a best proximity point.

Case II) (a) Let D = P > 0. We will prove that the sequence {TP"x}2°

is a Cauchy sequence. By Corollary 6 we have that lim ||TP™x — TP ly|| =
m—0o0

dist(A41, A2). From Lemma 7 we have that for any € > 0 there exists N1 € N,
such that there holds the inequality

sp(TP" o, TPy TP 25 TP lg)y < P g2

for every m > n > Nj. Thus ||[TP"z — TP x| < dist(Ay, A2) + €/2 holds
for every m > n > Nj. According to Lemma 2 it follows that for any ¢ > 0
there exists No € N, such that for any m > n > Ny there holds the inequality
| TPt — TPz|| < /2 < ¢ and thus {TP"2}0° | is a Cauchy sequence. Hence
the sequence {TP"x}0° ;| is convergent to some § € Aj.

(b) By Lemma 5 and the continuity of the function || - || we can write the
chain of inequalities

P < s5y(€,TE T, ..., TPIE)
= lim s,(T""2, T, T, ..., TP7YE)
n—oo

< lim s, (TP e, &, TE, ..., TP2%€)
n—oo

= lim s,(TP" ‘o, TPz, TE, ..., TP2%€) (10)
n—oo

< lim s '('f}oﬁ!;;:;'j;pﬁib;i'x' iz, 'JQIJT;Li;C')

= n—060 p b M AR ]

P.
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Form (10) we get that || — T¢| = dist(A4;, As), ||€ — TP~ = dist(Ay, 4,),

|T7¢ —TIHE| = dist(Ajt1, Ajta), = 1,2,...p—2. Thus £ is a best proximity

point of T'in Ay, T9¢, j =1,2,...p — 1 is a best proximity point of T" in Aj.

It remains to show that the point £ from (a) and (b) is unique. We will show

that for any z € Ay, z # x, such that z satisfies (1) there holds li_>m TPz = €.
n o0

By what we have just proved {TP"z} converges to a best proximity point, say
n € Ay, of T 'in Ay. From Lemma 5

lim s, (TP Py, TPP—PHly TPropt2, TPl = P (11)
n—oo

By Lemma 5, the continuity of the function || - || and (11) we get

P < sy(€,Tn, T, ..., TP ')

= lim s,(TP"z,Tn, T?n,..., TP 1n)
n—o0

< lim sp(TP" ta,n, T, ..., TP %)
n—oo

= lim s,(TP" 2, TPz, Tn,..., TP 2n)
n—o0

< lim s,(TP" 22, TP Lz 0, Ty, ..., TP~ 3n)
n—oo

< lim sp(TPn—Py, TPP—PHly Ton—p+2, Tl = p,
n—o0

Therefore we get that ||€ — Tn| = ||§ — T¢|| = dist(A1, Az). Since As is convex
set in a uniformly convex Banach space it follows that Tn = T¢. By the fact
that 7 is a best proximity point of 7" in A; there hold the equalities ||n — 17| =
ln — T¢|| = dist(A;, A2) = ||€ — T¢||. Since A; a convex set in a uniformly
convex Banach space and Tn = T¢ it follows that n = &.

(c) From the inequality [|[TP"*'x — &|| < || TP o — TP || + |TP 2 — & it
follows the equality 1i_>m | TPz — €] = dist(Ay, A2). By Lemma 5 and ||T¢ —
n—oo
€|| = dist(Ay, A2) we get lim TPtz = T¢. From the inequality ||7P" 2z —
n—oo
TE|| < || TP 20 — TP || + || TP e — T¢| it follows that lim || TPz —
n— oo

T¢|| = dist(Az, A3). By Lemma 5 and ||T2¢ — T¢|| = dist(Ag, A3) we get

lim TP""2¢ = T?%¢. By continuing this we can prove lim TPty = Th¢.
n—00 n—0o0
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Thus we can write the chain of inequalities

P < sy, TPHE TP TP
— hm sp(Tpnx Tp+1§ Tp+2§ T2p71£)
n—oo
< hm sp(TP"~ Ly Tpé“’Terlé“’.“’TprQg)
= hm sp(TP" L, TP, TPHYE, . TP~ 2¢)
n—oo
<l sp(TP =20, 71 Trg, L T=5)
n— oo
< lim s,(TP—Pg, TPr—PTly TP=pt2g TP 1g) = P,
n— oo

By the above inequality we get d(¢, TPT1¢) = dist(Ay, A2) and from (b) we have
d(TPE, TPHLE) = dist(Ay, Ay). Therefore from Lemma 4 we get TP¢ = &. O

5. Applications and Examples

All the examples in [18] can solved with Theorem 5. We illustrate the applica-
tions of Theorem 5 with an example, which involves integral operators.
Let us consider the Hilbert space Ly[—1, 1], endowed with the norm || f||2 =

(fil f%t)alt)2 and the functions x; € Lo[—1,1], i« = 1,2,3,4, that satisfy
x1(t) =0 for t € [-1,0] and x1(¢) > 0 for t € (0,1]; z2(t) = 0 for ¢t € [0, 1] and
x9(t) > 0 for t € [-1,0); x3(t) = 0 for t € [—1,0] and z3(t) < 0 for t € (0, 1];
x4(t) = 0 for t € [0,1] and z4(t) < 0 for t € [-1,0). It is well known that any

Hilbert space is uniformly convex. We will consider the sets A;, ¢ = 1,2, 3,4,
defined by

A ={f € Lo[-1,1] : f(t) > x;(t) for all t € [-1,1]} for i = 1,2
and

A ={f € La[—1,1] : f(t) < w;(t) for all t € [-1,1]} for i = 3,4.
It is easy to calculate that

P = diSt(Al, Ag) + diSt(AQ, Ag) + diSt(Ag, A4) + diSt(A4, Al)
= |lz1llz + lz2ll2 + [lz3ll2 + [[z4]l2-

Let us denote the maps 7} : Lj_y 1] — Lj_11), i = 1,2,3,4 as follows:

: _ () + [} Fi(t,s,y(s))ds, forte|0,1]
(T’y)(t)_{ ’ e 0, forte[-1,0],
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where f; € Lyg1p, ¢ = 1,2,3,4 and F; : [0,1] x [0,1] x Ly — R, i=1,2,3,4
be continuous functions, such that for v; € A; there hold the inequalities
(Tyon(5))(—t) = @a(t), (~Tovs(—5))() < a3(t), (Th(—va(s)))(—t) < wa(t) and
(Ty(—v4(—=9)))(t) > x1(t) for any t € [—1,1]. Let us define a 4-—cyclic map
T: Ai — Ai+1 by

(Thz(s))(—t), =€ A
TN = aiayon +e 12
—Ty(—x(—s))(t), =€ Ay

The next theorem is a direct consequence of Theorem 5

Theorem 7. Let T : U} A; — UY_| A; be the map defined in (12). If T
is a 4—summing cyclic orbital Meir-Keeler contraction of type 2 with constant
D = P, then there exists a unique point, say £ € Ay, such that:

(a) for every x € Ay satisfying (1), the sequence {T*"x} converges to ¢;

(b) € is a best proximity point of T in Ay and T7¢ is a best proximity point of
T in A1+j,'

(c) € is a fixed point for the map T* : A} — Aj.

We will present a particular example of Theorem 7.
Ezample: Let the functions z; € Lo[—1,1], i = 1,2,3,4 be defined by z1 =

{0 OEIE im0 = 2005 ma(t) = ~201(0) and e) = (1) T

t, 0<t<1’
is easy to calculate that P = "% | dist(A;, Ajy) = (2) 1/2 + 2(3 )1/2 + (%)1/2.

Let us define Fi(t,s,z(s )) = tsx(s), Fi(t,s,x(s)) = Fa(s) for i = 2,3,4,
fi(t) =2 for i = 1,2, f3(t) = % and fy(t) = 5. Then the functions f;, F; for
i =1,2,3,4 satisfy the conditlons of Theorem 7 and T : A; — A;41 is a 4—cyclic
map.

We will prove T satisfies Definition 3 with p = 4 and x = z(s) for k = 1,
ie: if sypi1(z,y) < P+e+6 forn € Nand y € Ay then there holds the
inequality s401(2,y) < P +e.

The prove for k = 2,3 can be done in a similar fashion.

It is easy to observe that (T4"x)(t) = x(t), (T*"'2)(t) = x4(t), (T 22)(t) =
x3(t) and (T4 32)(t) = 22(t) for every n € N.

Let y € Aj. There exists a function « : [—1,1] — [0, 400), which satisfies
a(t) >0 for t € [0,1] and a(t) = 0 for t € [—1,0], such that y(t) = t + «(t). Let
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us denote ¢ = ¢(a) = fol sa(s)ds. It is easy to see that

Ty(s)(t) = (Tiy()(?)
2 (% + fy (s + als))ds) = (2 +¢);

T?y(s)(t) = Hﬂh&»() (Ta(s(2 +¢)))(t)
= +f0 B(s(24c))ds=t(2+§)
T3y(s)(t) = <T3T2T1y(s>)(> (T3 (s (2+§))) (@)
= Ay [fbs(24+8)ds=t(1+%).

and after some calculations we get

</it2dt+4l(t+a(t{)2dt>é
2 >
1 (5 et / az(t)dt> : |
</0 (t+0‘(t))2dt+/_lt2(2 +1C)2dt>
1Ty —T?yll2 = E/1t2(2+c)2dt:/01t2 (2+§)2dt)%
8
3

14c 372 ) v

1T e — g2

=

ly —Tyll2 =

1
1 2 0 2
T2y — T41z]y = </ 2 (2+f) dt+/ t2dt>
0 6 ) -1

=

1
1 2 0 c ) b
T2y — T3 — t22fdt/t21 I
7% = Tll2 </0 (2+5) der » (1+5)
1
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0 I 2 1 %
T3y — Tzl = (/ t2 (1+—) dt+/ t2dt+)
_1 36 0

1
B 2 n c n 2 \2
~ \3 54 3888/ °

Let us denote

falt) = s ey Ty, 1% = (3 +2+ J} a2(t)ar)

1 1
2 1 3 2\ 3
+(§+%+%+f0 oﬂ(t)dt) +<§+—1‘9‘C+?}70‘g)
1

5 , 2 2 \2,
+(3+%+ %)

1
he) = sa(T"2, Ty, Ty, T%y) = (% +5+ 3§88> 2
1 1
(5 +%+5) +(B+Ke+ )
1

5 , 13¢ | 37¢2\2.
+(§+5_4+3888> )

=
+
VRS
wlen
+
-
w|o
o
+
-
w|®
[ V]
N———
=
+
VS
wloo
+
—
©|
o
+
w
=
]
&%
N———
D=

glc) = (§+26+362)

From the inequality ¢? < (fol t2dt> (fol a2(t)dt> =3 (fol a2(t)dt> we get that
there holds the inequality g(c) < f(«(t)). It is easy to see that the functions g
and h are strictly increasing functions for ¢ € [0,+00). By the inequalities

i 1
Li(c) = <§+@+%>z+<§+%+%>g
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and

1

Lo = (3+%+5) +(3+8+55)°
1
4 2\ 2 13 372\ 2
1+4£+¢) +<1+9—OC+64§0)}

1 1
2 2\ 2 V37 37c2 ) 2
(1+2+9) + (1420850 + &) }
1

=

wlot wlot wlot

I
—

it follows that for every ¢ > 0 there holds the inequality

Ii(c) > (2)1/2 (24 &) > (3)1/2 (2+ (1 + %) %) > Ir(c)
and consequently h(c) < g(c) holds for every ¢ > 0.

Let ¢ > 0 be arbitrary chosen. From the equality h(0) = P and the fact
that h is strictly increasing in the interval [0, +00) it follows that there exists a
unique cp, such that h(cp) = P+¢ and h(c) < P+« for every ¢ € [0,¢). Let us
put d(g) = g(cp) — h(cp) > 0. Now if o be such that f(«(t)) < P+e+4d(g) then
from the inequality g(c) < f(a) < P4+e+4d(e) = P+e+ g(co) — h(co) = g(co)
and the fact that ¢ is strictly increasing it follows that ¢ < c¢g. Therefore
h(c) < h(cp) = P + ¢, because h is an increasing function. Consequently 7" is a
4-summing cyclic orbital Meir-Keeler contraction of type 2. From Theorem 5 it
follows that there exists a unique point £ € Ay, such that: £ is a best proximity
point of T in A and T7¢ is a best proximity point of 7" in A4 for any j=1,2,3.

All the results in complete metric spaces [7], [8], [18], [10], where the con-
stant D in (1) is zero are covered by Theorem 4.

For other examples involving Integral operators we refer to [10] and [19].
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