AN ETUDE ON ONE SHARYGIN’S PROBLEM

BOYAN ZLATANOV

ABSTRACT: By the methods of the synthetic geometry we investigate properties of objects generated from
a complete quadrangle and a line, which lies in its plane. We start with a problem from the book of Sharygin
“Problems in Plane Geometry”. We generalize this problem with the help of Pappus, Desargues and Pascal’s
Theorems and we discover new concurrent lines, collinear points, and conic sections.

1. INTRODUCTION

The book of Sharygin “Problems in Plane Geometry” [5] is a collection of interesting and various
in difficulty problems. A challenge that can unfold an entire world can be even a small mathematical
problem. The Dynamic Geometry Software (DGS) facilitates substantially the efforts of the mathe-
maticians in this direction [3], [4]. We would like to illustrate an evolution of the idea implemented in
a small school problem ([5], Problem 34, p. 72) that is based on projective and combinatorial methods
with the help of DGS.

2. PRELIMINARY

The investigations in the present work relate the Euclidian model of the Projective plane, i.e. the
Euclidian plane complimented with its infinite points and its infinite line w.

Theorem 1. (Pappus) Let be given two lines g and ¢’ . If A,B,C € g and A',B',C" € g, then the
points P = BC'NCB’', Q = AC'NCA’, R= AB' N BA’ are collinear.

A triangle is called the set of three noncollinear points and their three joining lines.

Theorem 2. (Desargues) The connecting lines of the couples of corresponding vertices of two triangles
ABC and A'B'C’ are intersecting at a point S if and only if the intersection points of the couples of
corresponding sides P = BCN BC, Q = ACNAC, R= ABN AB lie on a line s.

Two triangles that satisfied the conditions of Theorem 2 are called perspective. The point S is
called perspective center and the line s is called a perspective axis.

Theorem 3. (Pascal) A hexagon AB'CA'BC’ is inscribed in a conic section k if and only if the
points P=AB'NA'B, Q=B'CNBC', R=CA'NC'A are collinear.

The line that is incident with the points P, @, R is called Pascal’s line.

A complete quadrangle is called the set of four points P, @, R, S, of which no three are collinear,
and the lines QR, PS, RP, QS, PQ, RS. The intersections of the opposite sides A = QRN PS,
B =RPNQES, C =PQNRS are called diagonal points and they are the vertices of the diagonal
triangle of the complete quadrangle PQR.S.

Theorem 4. (Pappus—Desargues) The three pairs of opposite sides of a complete quadrangle intersect
a line, which is not incident with any of its vertices, in three pairs of corresponding points for one and
the same involution.

Theorem 5. ([2], Theorem 6.43, p. 73) The diagonal triangle of every inscribed in a conic section
complete quadrangle is self-polar.

The research is partially supported by NI13 FMI-002.
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FIGURE 1. Sharygin’s Problem

The present investigation is inspired by one problem of Sharygin. Our results can be considered as
improvisations on the idea, that is encoded into the next problem.

Problem 1. ([5], problem 34, p. 72) Let ABCD be a quadrangle and the points M € AC and
N € BD be such that BM || AD and AN || BC. Prove that MN || CD.

The proof given by Sharygin is based on the proportionality of the corresponding sides of the similar
triangles EM B and FEAD, EBC and EN A, where E = AC N BD and Thales’ Theorem.

3. A GENERALIZED SHARYGIN’S PROBLEM

We would like to present another solution of Problem 1, that is based on Pappus’ Theorem. This
solution will help us to investigate some properties of a quadrangle and a line which lies in its plane.
We would like to mention that a similar approach have been used for generalizing of another Sharygin’s
Problem in ([3], Problems 12 and 13).

Proof. Let consider the quadrangle ABCD in the extended Euclidian plane and let us introduce the
notations: Uy = BC Nw, Voo = ADNw, Wo, = CD Nw (Fig. 1). Let us consider the ordered triads
of collinear points (B, C,Uy) and (A, Vs, D). According to Theorem 1 it follows that the points
Weo =CDNUx Voo =CDNw, M = BV, NAC and N = AU, N BD are collinear, which means
that W, € MN,i.e. MN || CD. O

The proof, which we have presented is not only shorter, but it gives a possibility to develop the
idea encoded into this small school Sharygin’s problem. We can generate 48 similar problems band
together with a common simple solution. We will state Problem 1 in the language of the extended
Euclidian plane.

Problem 1* Let ABCD be a quadrangle and U,, be the infinite point on the line BC and V, be
the infinite point on the line AD. Prove that the points M = BV, N AC, N = AU, N BD and
Ws = CD Nw are collinear, which means that M N || CD.

We notice in the proof of Problem 1, that the infinite points U, and V, can be replaced with finite

points U € BC or V € AD. Thus we can state a variant of Problem 1*.

Problem 2. Let ABCD be a quadrangle and U € BC and V € AD be arbitrary points. Prove that
the points M = BV NAC, N = AUNBD and W = CDNUV are collinear, i.e. the lines MN, CD,

UV are concurrent.

Proof. Tt is enough to apply Theorem 1 for the ordered triads of points (B,C,U) and (A, V, D) (Fig.
2, Left) . |
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FIGURE 2. Left Sharygin’s Problem for finite points U and V. Right Sharygin’s
Problem for one finite point V and one infinite point Uy,

Since there exists two possibilities for the points U and V — to be finite or infinite, then their
possible combinations are four. We observe that the role of pair of lines (BC, AD) and (AC, BD) can
be interchanged in Problem 1 and Problem 1*. Let us state another variant of Sharygin’s Problem.

Problem 3. Let ABCD be a quadrangle and V' € AC be an arbitrary point and Ul is the infinite
point on the line BD. Let us denote M' = BV' N AD, N' = AU, N BC . Prove that the lines CD,
V'U., and M'N' are concurrent (Fig. 2, Right).

Proof. Tt is enough to apply Theorem 1 for the ordered triads of points (A, C, V') and (B,U. , D). O

The Dynamic Geometry Softwares facilitate the research work. They can help us to state a hy-
potheses, which are necessary to be proven after that with synthetic methods or with ACS [4]. Thus
with the notations in Fig. 2 to the left we can state a hypothesis: The lines DM, CN, FJ are
concurrent. Using the notation in Fig. 2 to the right we can state the hypothesis: The lines DN,
CM’', EJ' are concurrent. We will prove the first statement. Let us consider the triangles DC'F and
MNJ. From Problem 2 the points W = DCNMN,U =CFNNJ and V = DF N MJ are collinear.
According to Theorem 2 the triangles DC'F and M N J are perspective ones with a perspective axis
UV. Therefore the connecting lines of the pairs of corresponding vertices i.e. DM, CN, FJ are
concurrent.

We will replace the quadrangle ABC'D with the complete quadrangle A; AsA3A,4 in order to be
able to state all of the cases in one problem.

Problem 4. (Generalized Sharygin’s problem) Let A1 A2 AsAs be a complete quadrangle, A;, A; be
arbitrary pair of its vertices and the points Ujs € A;As and Uy, € AjAy be arbitrary chosen, where
i,j,k,s € {1,2,3,4} and any two of them are different. Let us denote g = U;sUsi, I = A; A N AjAs,
M =AU;s NAjA,, N =AUy, NAjAs and J = A;M N A;N. Prove that:

1) The lines g, MN, ApAs are concurrent;

2) The lines AsM, AN, IJ are concurrent.

Let us point out that the points U;s and Us; coincide for any 4,s € {1,2,3,4}, i # s. Therefore we
will use the notation U;s, i < s for all the figures and examples.

Proof. 1) We apply Theorem 1 to the ordered triads of collinear points (A;, Ay, Uix) and (A;, Ujs, As)
and we get that the points M, N and W = g N Ai A, are collinear, i.e. the lines g, M N, Ap A, are
concurrent.

2) Let us consider the triangles A;Ail and M NJ. We establish that A, JNMJ = A;A;NAU; =
Ujs € gand AL INNJ = Ay AiNNA; = Ay AiNA;Us, = Ui, € g. From 1) we have Ay A;,NNM =W €
g. Consequently the triangles A; Al and M N J are perspective with a perspective axis g. According
to Theorem 2 the lines A;M, Ax N, IJ are concurrent. O
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FI1GURE 3. The four Sharygin’s points for i =1, j = 3

Definition 1. If A1 AyA3A, is a complete quadrangle and the points Uj, € A;As and Uy, € Aj Ay, are
arbitrary chosen, then the points M = A;U;s NAj Ay, and N = AUy, N A Ag, will be called Sharygin’s
points for A1 As Az Ay, which are associate with the line g = U Uy, and the vertices A;, A;.

There are C} = 6 possible choices for the pairs of vertices (A;, A;). For any chosen pair (A;, A;)
there are two different problems, because of the existence of two mutually exclusive possibilities for
the indices s and k. The combinations of the points U;, and U;j are four, because any one can be
finite or infinite. Therefore the number of the specific tasks that can be formulated from Problem 4
is 6.2.4 = 48.

For example Problem 1 is a particular case of the problem 4 for i =1, j =2, s = 3, k = 4, where Usg
and Uy4 are the infinite points of the lines A3 A3 and A Ay, respectively.

The visualization of the particular cases of Problem 4 can be done easily with the help of the special
function “Swap finite and infinite points” in DGS — Sam [3]. It is enough to sketch the problem for
one of four combinations of the points U;s and U;;, and the other three are obtained with the help of
the function “Swap finite and infinite points”.

For the convenience of the reader we will state a particular case of Problem 4 for i =1, j = 3 in
the next problem. There are two choices for the indices s and k: s =2, k=4 or s =4, k = 2. That
is why one can see four different Sharygin’s points, associated with the vertices A; and As.
Problem 4* Let A;A3A3A4 be a complete quadrangle, A;, Az be a pair of its vertices. Let the
finite points Usz € AgAs, Uiy € A1Ay, Usy € A3Ay, Ui € A1 A5 be arbitrary chosen. Let us denote
1= A1A4 N A3A2, M = A1U23 N A3A4, N = A3U14 N A1A2, J = AlM n A3N, M = A1U34 n A3A2,
N’ = A3U;a N A Ay, J' =AM NAsN' (Fig. 3) . Prove that:

1) The lines Us3Uy4, M N, A3 Ay are concurrent; the lines UsyUyo, M'N’, Ay Ay are concurrent;
2) The lines AoM, A4N, IJ are concurrent; the lines Ao N’ A4M', I'J’ are concurrent.

4. SHARYGIN’S CONIC SECTIONS

We will put an additional condition on the points U;; € A;A4;, 1,5 € {1,2,3,4}, i # j to be collinear
for the next investigations.

Definition 2. Let A1 AsA3A4 be a complete quadrangle and let g be a line, which lies in the plane
of A1 A3 A3A, and it is not incident with any vertex of A1 AsAsA4 or with any of its diagonal points.
We call the pair (A1 A3A3Ay4, 9) a (q,1)-pair.
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For any (gq,!)—pair (A1 As A3Ay4, g) we will use in the sequel the notation
Uij:Uji:gﬂAiAj,Z',j6{1,2,3,4}71'7&]'. (1)

According to Theorem 4 the pairs of points (U2, Uss), (U1s, Uss) and (Uig, Usg) are pairs of conju-
gated points for one and the same involution ¢. The additional condition imposed on the line g not
to be incident with a diagonal point excludes the possibility the Sharygin’s points to coincide with
vertices of A1A2A3A4.

When the points U;; are collinear it will be easier to introduce a unified notation for the Sharygin’s
points. The two Sharygin’s points associated with the vertices A;, A; and the points Uj,, Uy, and the
two Sharygin’s points associated with the vertices A;, A; and the points Ujy, U;s are determined by
the pair of vertices A;, A; and the line g. Thus we can denote the four Sharygin’s points associated
with the pair of vertices A;, A; of the (g,!)—pair (41424344, g) with

MZ; = Ains N AjAk, M;i = A_]Uzk n AiAsa (2)
M7 = AUj, N AjAs, MJ’% = A;U;s N Aj Ag.
Four Sharygin’s points are connected to any pair of vertices for any (g,!)—pair (A3 AsA3A4,g) and
they are the intersecting points of the connecting lines of the vertices A; and A; with the pair of
conjugated points for the Pappus-Desargues involution, which is induced by A; As A3A4 into g, with
the third pair of opposite sides. Let us introduce the points

I= AlAk N AjAs, I/ = AZAS N AjAk;
J:AinsﬁAjUik, J/:AinkﬂAjUis; (3)

L =AUjs N AU, L' = AUji N AU,

which we will need in the sequel.

Theorem 6. Let (A1 A3A3A4,9) be a (q,1)—pair. Then the following hold true:
1) The lines M;}M;i, MZ-SJ-MJI-CZ-, are incident with the point Ugs;

The lines Mng,is, M;kM,ZS, are incident with the point Uy;.

2) The lines AngS,Angk,ijAS,M;iAk, JI,I'L' are concurrent;

The lines Angk,AjM,is,MJ@AS,MZ»SJ»A;C,IL,J’I’ are concurrent.

3) The lines Ml-’;’-ij, MjiM]’%, A;A;, IJ, I'J are concurrent;

The lines Mnggk, M,iSM,gS, AGAy, IL, I'L’, are concurrent.

Proof. Just for a convenience of the reader we will write and the Sharygin’s points associated with
the pair of vertices Ay, Ag:
M, = AU N Aj Ay, M, = AyUje N AGA,,
(4)
Ml = AU N A Ay, M), = AU N AjA,.

1) We apply Theorem 1 for the ordered triads of points (A;, Ak, Uix) and (A;,Ujs, As) and using
(3) we get that the points Mi’}, Mz, and ApAs N UiUjs are collinear. Therefore the lines MZ’;M;Z,
ApAs and g = U Ujs are incident with the point Uys. Applying Theorem 1 once more for the ordered
triads of points (A, As,Uss) and (A, Ujk, Ag) and using (3) we get that the points My, MF, and
A AsNU;sUjy are collinear. Therefore the lines M Mfi, A A and g are incident with the point Ugs.
With the help of (4) and Theorem 1, applied consequently for the ordered triads of points (As, 4, Us;)
and (Ag, Uik, Ai), (As, A;,Ug;) and (Ag, Uji, A;), we prove that the lines Mnglis and Mng,gs are
incident with the point U;;.

2) Let us consider the triangles A;AxI and MEMJS?J Taking into account (1), (2), (3) and 1) in
Theorem 6 we get that the points A;Ax N MZ;MJ‘Z- = Uks, Al N M3, J = AiAx, N AjUi = Uy, and



6 BOYAN ZLATANOV

FIGURE 4. Theorem 6 fori =1, j=2,k=3,5s=4

ASIﬂijJ = A;A;,NA;Ujs = Ujs are collinear. Then from Theorem 2 it follows that the lines AsMi’},
A M3; and I.J are concurrent and let’s denote O = ASM{;- N AR M3, N1J. Taking into account (1), (2),
(3) and 1) in Theorem 6 we get again that the triangles A; A, L' and M{; M, 1" are perspective with a
perspective axis g. Therefore these triangles have a perspective center O% = ASMZ;’- N AgM3; N Lr.
It is easy to see that O = O®. Using (1), (2), (3), (4) and 1) in Theorem 6 we establish that the pairs
of triangles A;A;J and M,gsM;kI, A;A;I' and M,gijkL’ are perspective with a perspective axis g.
Hence AiM,gs NA;MiNJI = 0% and AiM,gs NA;Mi, NI'L' = O°. 1t is easy to observe that Ob = O
and then AiM,zS NA;Mi, NI'L’ N JI = O°. Comparing all results we get O = 0% = O® = O° or

AM] A M N AMENAMENJINTL = 0. (5)

By similar considerations for the pairs of triangles Ay A I’ and ijM]’»“iJ’, ApAgL and ijMJ’?iI we
prove that they have a common perspective center OA/ = AR M N ASMJ’»“Z» N IfJ’ N LI. Repeating the
considerations for the pairs of triangles A4;A;I and M?, M} L, A;A;J" and M?, M} I’ we get that they
have a common perspective center O = A;M?, N A; M} NILNJ'I'. Comparing these results we can
write

AiMY N A M N AME N AMEN T T NLI =0 (6)

3) Let us consider the triangles MZ-’;A]-J and M7 A;1. Using (1), (2) and (3) we get that the intersecting

points Ujk, Ui, Ujs of their corresponding sides lie on the line g. Therefore the triangles MZ»’EAJ-J and
M;; A1 are perspective with a perspective axis g. According to Theorem 2 the lines MZ;M;W AjA;,
JI are passing through a common point. Let us denote MZ;Mf] NAA;NJI =Gy

After similar considerations for the triangles M jsiAiJ and M J’%AjI we prove that they are perspective
with a perspective axis g. According to Theorem 2 they have a perspective center and we can write
MJSZM]kl N AZAJ NnNJI = G” Therefore Gij = G”

At the end let us consider the triangles ijAjJ’ and M;;-Ai[ ’. They are perspective again with a

perspective axis g. Therefore the connecting lines M[;ij, A;Aj, J'T' of their corresponding vertices

are concurrent lines and it is easy to see they are passing through the point G;;. Thus we received

MM N MM N AA;NJINJ'T =Gy (7)
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Now with the help of the pairs of triangles M7, A, I’ and M, AyL', M AT’ and M] AL/, Mi, AT
and M7, A, L, (1), (2), (3) and (4) we obtain

M MY N M M N AANLIN LT = Gy (8)
0

We present a particular case of Theorem 6 for i =1, j =2, k =3, s =4 on Fig. 4.
By Theorem 6 it follows that for any given (g,!)—pair (A1 A2A43A4, g) there exists one point G;; €
A;A; for every side A; A; with the properties (7).

Definition 3. Let (A1 A2A3A4, g) be a (q,1)—pair. The intersection point of the line A; A; with the line
ijMl’z will be denoted with G;; and will be called o G;j—point for the pair (A1A2A3A4,g), associated
with the vertices A; and Aj;.

Proposition 1. The G;;-point is a harmonic conjugate point of the point U;; with respect to the pair
A AL

Proof. Let us consider the complete quadrangle ijMi’}Ustjk which vertices are defined by (1)
and (2). The points A; = M35Ujs 0 M;}Ujk and A; = M35Uj, N MiijjS are diagonal points for
M M}U;.Ujy.. From (1) and (7) it follows that the pair of opposite sides MM} and U;,Uj, which
are passing through the third diagonal point, intersect the side A;A; in the points G;; and Ujj,
respectively. So, following [1] we can write the harmonic group H(G;;U;;, AiA;). O

Theorem 6 holds true also if the line g is replaced with the infinite line w. In this case the points
U;; are infinite points wherefore the points G;; are midpoints for the Euclidean segments A;A;. The
new element in the proof of Theorem 6 will be a simplification in the proof of 3). Indeed, now the
quadrangles A, JA;I, A;J' A; T, A M A Ml-’}, A M3 A MJ"Z are parallelograms and it follows that the
segments I.J, I'J', M5 MJs, M5 M}, and A; A have a common midpoint Gy;. The case for i = 1 and
j = 3 is presented in Fig. 5 to the right.

Proposition 2. Any two vertices and the four Sharygin’s points that are connected with them lie on
a conic section.

Proof. Let us consider the hexagon AlMZIE M A M5 M sz From (2), (3) and 3) in Theorem 6 it follows
that the pOiIltS Ale]E ﬂAijsi = Ains ﬁAjUik = J, MZ;MZ OJ\JJSZAkaZ = Gij and MZS]A] N MJklAZ =
AjAs N Az A = I are collinear. Then according to Theorem 3 the hexagon Ale]Mf]A]MJSlMJkZ is
inscribed in a conic section. ([l

Definition 4. The conic section, which passes through the vertices A; and Ag of the complete quad-
rangle Ay A2 A3 Ay from the (q,1)—pair (A1 A3 A3 A4, g) and through the four Sharygin’s points M, ME,
M?,, ME associated with these vertices will be called Sharygin’s curve for the (q,1)-pair (A1 A2 A3 A4, g)

and will be denoted with k;s.

From Proposition 2 it follows that there are six Sharygin’s curves for any (g, )—pair (A1 A2 A3A4,g).
Fig. 5 to the left presents the Sharygin’s curves k1o and k34, when ¢ is a finite line. Fig. 5 to the
right presents the Sharygin’s curve ks, when g is the infinite line w.

We have presented a technique for GeoGebra to simulate the special function “Swap finite and
infinite points” of DGS — Sam in [4]. With the help of this technique Fig. 5 to the right, after
removing the Sharygin’s curve k34 just for simplicity of notations, can be generated from Fig. 5 to
the left and vice versa.

Proposition 3. The G;; —point is the pole of the line g with respect to the Sharygin’s curve k;; for
the (g,1)—pair (A1 AgA3Ay, g).
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FIGURE 5. Left Sharygin’s curves k12 and k34, when g is a finite line. Right Sharygin’s
curve k12, when g is the infinite line w.

Proof. Let us consider the inscribed into the conic section k;; complete quadrangle AiMi’;-MisjAj.
Using (1), (3) and 3) in Theorem 6 we find that the diagonal triangle of A;M] M5 A; have the
fOHOWng vertices Ujs = Ale]; n A]MZSJ = Ains N A]’As, Ujk = AMZ n A]MZ = Aink N AjAk,
Gij = AA; N MZIEMZS] According to Theorem 5 this triangle is self—polar. Therefore the pole of the
line g = U;sUji, with respect to k;; is the point Gj;. O

Proposition 4. Let (A1A2A3A4,9) be a (q,0)-pair. If the points A;, A; and Aj, As are two pairs
of the vertices of A1AsAsAy and Gy € A;A; and Gjs € AjA, are the poles of the line g with
respect to Sharygin’s curves ki; and kjs, respectively, then the line G;;G ;s passes through the point
Uis = gN A As.
Proof. Let us first introduce the notations:

I=AA;NAA, I=A4,A, NAA, =1,

B V )

J:AjUskﬁAsUij s J:AJ‘UiSﬂASUjk .
From Theorem 6 it follows that we can define the point G5 (a pole of g with respect to Sharigin’s
curve k;s) by the following way:

st:TjﬂAjAsﬂjjzjjﬂAjAsﬂllj. (10)
Let us consider the triangles G;;A;J’ and G;sAgJ. Using (2), (9) and (10) we find the intersection
points of the pairs of corresponding sides: G;;A; N GjsAs = AiA; NAJA, = Aj, GiyJ NGjsd =
I'’nr'J=1I,A,J NAJ = A;Uji, N A Uji, = Ujy. Since they lie on the side A; Ay, of the complete
quadrangle A; Ay Az Ay, the triangles G;;A;J" and G jSASj are perspective and according to Theorem 2
the connecting lines of the pairs of corresponding vertices G;;Gjs, A;As and J’ J are incident with one
point— the perspective center. With the help of (1), (2) and (9)we get A ANT T = AiANA Ui = Uy,
from where it follows that the perspective center is the point U;,. Therefore the line G;;G ;s passes
through the point Uy. O

A particular case of Proposition 4 is presented on Fig. 6 fori =1, j =2, s =3 and k = 4.
Proposition 4 presents us an easier technique for finding the remaining five G;;—points, once we
have constructed one of the six points G;.

Theorem 7. Let (A1A2A3A4,g) be a (q,1)—pair. Then the poles G;s of the line g with respect to the
Sharygin’s curves kis, i,s € {1,2,3,4} i # s, and the diagonal points of the quadrangle Ay A3 AsAy lie
on one conic section .
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FIGURE 7. Nine points conic section

Proof. Let consider the points Gi3, G2z, G12, Gas4, G14, G34 (Fig. 7). From Proposition 4 we get
that U12 = G13G23 N C¥24G'147 U13 = G23G12 n G14G34 and U14 = G12G24 N G34G13. By the condition
U;s € g it follows that the points Uyo, Uiz and Uiy are collinear. According to Theorem 3 the hexagon
G13G23G12G24G14G34 is inscribed into a curve of the second power k and g is its Pascal’s line.

Let consider the points G13, Gas, I, G14, Ga4, G314 Applying Proposition 4 and using (2) we get the
points Ui = G13G23 N G14Gayg, Uzz = Gzl N GoyG3yy = A3 A3 N GoylUssz and Uy = IG14 N G34G13 =
A1 A4 N G34U14 = Uyy. By the condition (1) it follows that the points Uys, Uss and Uyy are collinear.
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According to Theorem 3 the hexagon G13G231G14G24G34 is inscribed into a curve of second power
k' and g is its Pascal’s line.

The curves k and k' coincide because they have five common points.

By similar considerations for the points Gis, I’, Gaa, Gsa, G14, G12 and for the points Gia, I, Gaa,
G14, G24, G23 it can be pI’OVGd that the hexagons G13]/G24G34G14G14 and G127G34G14G24G23 are
inscribed into the curve of second power k. (I

Definition 5. The curve k on which lie the nine points Gia, Gi3, Gia, Gos, Gaa, Gaa, I, I', T will
be called the curve of the nine points for the (q,1)—pair (A1 A2A3A4,9).

Some properties of the curve of the nine points, when the points G;; are midpoint of the Euclidian
segments A; A; have been investigated in [4].

Theorem 8. The pole of g with respect to the curve k of the nine points for the (q,1)—pair (A1 A2 A3Ay, g)
1s the point G = G12G34 N G13G24 N G14Gos .

Proof. Let consider the inscribed complete quadrangles G12G34G13G24 and G12G34G14Go3 (Fig. 7).
By Proposition 4 their diagonal triangles are Uj4Us3G, where G = G12G34 N G13Goy4 and Uy3U4G’,
where G/ = G12G34 N G14Ga3, Tespectively. According to Theorem 5 the pole of the line Uj4Usz = g
with respect to the curve k is the point G and the pole of the line U13Us4 = g with respect to the
curve k is the point G’. Since the line g is a polar of the points G and G’ with respect to the curve
k, then G = G,, which means that G12Gs4 N G13Go4 N G14Gos = G = G O

If the line g is the infinite line w then G is the center of the nine points curve £ and the G;;—points
are the centers of the Sharygin’s curves k;; for the (q,{)-pair (41424344, 9).
From Theorem 6 and Proposition 4 it follows

Proposition 5. There exists two homologies ® and ®' with centers O and O', respectively, for which
the line g is a common axis and which are related with every pair of opposite sides for the quadrangle

A1As A3 Ay from the (q,1)—pair (A1 A2 AsAy, g), such that:
O (Aj, Aj, My, MJ; 0, 17) = M, M2y, Ag, A T, L

g =g
, (11)
@’(Ai,Aj,ij,Mﬁ;J’,I) =M M, Ay, As; I’ L .
Proof. Using Theorem 6, and the basic properties of any homology we can verify that the homologies
®(0,g; A; — M) and ®'(0, g; A; — M?,) have the properties (11).
Indeed from 1) in Theorem 6 it follows:
AiA; N M My = Uy, M5MENAGA, = Ups ;
From (2) and (4) it follows:
AZMjkz n MgkAs = Ains n A]'AS - Ujs 3
From (3) and (4) it follows:
A JNM T = AUjs N AjA, = Uy,
Taking into account and (5) we conclude that
s k
(I)(Aj»Mji,Mij;
From (1), (2) and (3) it follows:
(I)(I/) = (I)(AlAS N AjAk) = (I)(AlUw N AjUjk)
MéSUiS N Mﬁkng = AU;s N AsUjk =L .

J) = M}, Ay, A, I

The proof for ' can be done in a similar fashion. O
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