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Резюме. В тази статия дискутираме осцилационното поведение на две уравнения на 

тръбопровод, които са известни от публикациите на Вельмисов, Гърневска и Милушева. Тези 

автори са поставили различни гранични условия. Граничните задачи са изследвани чрез 

метода на Гальоркин. Моделиращите уравнения на тръбопровод са хомогенни. Тук ще 

разгледаме разпределението на нулите на техни нехомогенни обобщения. Настоящата 

статия е естествена крайна точка на цикъла от наши предишни тематично свързани 

резултати за споменатите по-горе уравнения. 

Ключови думи: осцилация, тръбопровод, функционално-диференциално уравнение 

1. Introduction 

The papers of Vel'misov, Garnefska, and Milusheva concerned with the dynamical 

stability of a pipeline, stated at the origin of many publication of the author (see the cited 

literature). In particular, in (Petrova, 2003), as we know, have been made for the first time 

simultaneous consideration of oscillation theory and Galerkin's method. More precisely, there 

we found sufficient conditions for oscillation of these solutions of the respective equations, 

which were obtained only by Galerkin's method. Traditionally, there are sufficient conditions 

for oscillation of all solutions of the investigated equations, but not these one, derived by a 

some method. 

Vel'misov, Garnefska, and Milusheva considered two equations of a pipeline. The 

present paper is concerned mainly with the linear one:  

                 
1 2 4 4 1 2 2

2 2 3
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  (1) 

where 00,0,0,>0,0,0,0,0,0,>0,>0,> 321   pDMl  are 

constants. The second equation of a pipeline is a non-linear one:  
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where  the above assumptions have been saved and additionally we assume that all the new 

coefficients are nonnegative constants. 

Here we shall explore the distribution of the zeros of the following generalizations 

of (1) and (2), respectively,  

 0,>),(0,),,(=)(1 tlxtxfwL   (3) 

and 

 0,>),(0,),,(=)(2 tlxtxfwL   (4) 

where );],([0,),( RRlCtxf  . It is very difficult to establish sufficient conditions for 

oscillation of all sufficiently smooth solutions of the equations (1) − (4). We shall obtain 

sufficient conditions for oscillation of the solutions of (1) − (4), which are of type  

 ),()(=),( 11 xgtwtxw  (5) 

where )(1 xg  is the first function among the basis of functions 

1=)}({ nn xg , forming a complete 

system of functions on ][0,l  whose form is determined by the type of fixing of the endpoints 

of the pipeline. Vel'misov, Garnefska, and Milusheva treated both equations (1) and (2) under 

different boundary conditions at x = 0 or x = l. We shall be concerned with two of them:  

 )(0== fixingrigidww x  and ),(0=
~

= fixinghingedMw  

where ).,(),(=
~

22 txwtxDwM
txx

  In the article (Vel'misov, Garnefska, and Milusheva, 

2001) have been stated the boundary conditions:  

 0;=),(=),(0,=)(0,=)(0,). tlwtlwtwtwa xx  

 0;=),(
~

=),(0,=)(0,=)(0,). tlMtlwtwtwb x  

 0;=),(=),(0,=)(0,
~

=)(0,). tlwtlwtMtwc x  

 0.=),(
~

=),(0,=)(0,
~

=)(0,). tlMtlwtMtwd  

 In fact, in (Vel'misov, Garnefska, and Milusheva, 2001) the following nine subcases 

of (1) have been formulated:  

 0;==0,>=.0;>=0,==. 321321  hIIhI  

 0;>==0,=.0;>=0,==. 321231 hIVhIII   

 0;>==0,=.0;>==0,=. 213312 hVIhV   

 0;>===.0;>0,>,0,=. 32121213 hVIIIVII    

 ,0,>0,>0,>. 1321321  IX  

where h  is a positive constant. These subcases correspond to the sufficient conditions for the 

asymptotic stability of the null solution ( 0=x , 0=y ) of the respective system. 

We refer the reader to (Petrova, 2008) for the different roles of the delays and for the 

main reasons for the present arguments. We shall prove sufficient conditions for oscillation of 

the solutions of the problems (2), a) − d) and (4), a) − d), which are of the type (5) in the next 

two situations:  case I. and the present new one:  

0.===. 321 X  
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Then we shall make the respective conclusions for the problems (1), a) − d) as well as 

for (2), a) − d). 

2. Preliminary results 

We save all the assumptions from the previous section. Everything in the present one 

is related to Galerkin's method. 

 

Lemma 1. Let the function ),( txw  of the type (5) be a solution of the problems (3), a) − d). 

Then the function )(1 tw  satisfies the equation  

 ),(=)()()()()( 1321 tFtGztFztEztBztAz ''''    (6) 

 where  

 0;>;)]()()([= 111
0

AdxxgxgxMgA ''
l

  (7) 

 ;;)()]()([= 111
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RBdxxgxpgxDgB ''IV
l

  (8) 

 0;)(=0;)(=0;)()(= 2

1
0

2

1
0

11
0

  dxxgGdxxgFdxxgxgE
ll

IV
l

  (9) 

 .)(),(=)( 1
0

1 dxxgtxftF
l

  (10) 

 

Corollary 1. Let the function ),( txw  of the type (5) be a solution of the problems (1), a) − d). 

Then the function )(1 tw  satisfies the equation  

 0,=)()()()()( 321   tGztFztEztBztAz ''''  (11) 

 where (7) − (9) hold again.   

 

Lemma 2.  Let us suppose that (7) − (10) be fulfilled and let 0= . If the function ),( txw  of 

the type (5) satisfies the problems (4), a) − d), then the function )(1 tw  is a solution of the 

equation  

  )()()()()()( 3

3

1321  tzQtGztFztBztEztAz ''''  

   ),(=)()()()( 1

*3

2323

2

2 tFtztzQtztzQ '''    (12) 

where we have additionally that  

 0;)(=0;)(= 4

1
0

212

4

1
0

301   dxxgQdxxgQ
ll

  (13) 

 0.)(=0;)(= 2

1
0

*4

1
0

033   dxxgdxxgQ
ll

  (14) 

 

Corollary 2.  Let 0=  and let (7) − (9) be satisfied together with (13) and (14). If the 

function ),( txw  of the type (5) is a solution of the problems (4), a) − d), then the function 

)(1 tw  satisfies the equation  

  )()()()()()( 3

3

1321  tzQtGztFztBztEztAz ''''  

   0.=)()()()( *3

2323

2

2 tztzQtztzQ '''    (15) 

 

Remark 1.  The assumption that 0=  in Lemma 2 and Corollary 2 is an essential one for 

the applications of the results of (Petrova, 2007).   

Remark 2.  The assumptions that  

 0>0> BandA  (16) 
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are related to applications of the results of (Petrova, 2007) again. In fact, in accordance with 

(7) and (8), we suppose additionally that 0B  , which is an absolutely possible situation in 

proper mathematical models.   

 

Corollary 3. (see (Petrova, 2007)) Let the constants A , B ,  , n

kk 1=}{  and n

kk 1=}{  satisfy 

(16) and  

 k
nk

kk Nnnk  max=,,1,=0,0,
1 

  (17) 

and   be a real constant such that  

 0.>
2

4
=>4

2

1

2

A

AB
LandAB





 (18) 

 If there is a number s  such that  

 0,)(sin)( 1
21

/




dtstLetF A

t
Ls

s




 (19) 

then the inequality  

 )()()()()(
1=

tFtBztztztAz kk

n

k

'''     (20) 

has no positive solution in  ( 1/, Lss    ].   

 

Remark 3. The above Corollary remains true, if just Rs .   

 

Remark 4. If the direction of the inequality (19) is opposite, then we have an analogue of 

Corollary 3 about the absence of negative solution of the inequality, whose direction is the 

opposite one.   

 

For important partial cases of Corollary 3 see (Yoshida,1987) and (Yoshida,1990). 

The function  

 dtstLetFs A

t
Ls

s
)(sin)(=)( 1

21
/

1  





 (21) 

 plays an essential role. 

3. Main results 

Theorem 1. Let .I , (16) as well as (7) − (10) be fulfilled together with  

 .
2

)(4
=)(>4

2

2

2

A

FEAB
LandFEAB


  (22) 

 Further, let  

 dtstLetFs A

tFE
Ls

s
)(sin)(=)( 2

2

)(

1

2
/

2 







 (23) 

 and let there exist a sequence 

1=}{ nns  such that  

 0.=)(=lim 2 nn
n

sands 


 (24) 

Then every solution ),( txw  of the problem (3), a) − d), which is of the form (5), has at least 

one zero in the set )(0,l  ( 23 /, Lss nn    ], Nn .   

 

Theorem 2. Let .I , (16), (7) − (10) as well as (13), (13) hold, where we suppose additionally 

that  
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 0.=== 0321   

 Further, let  

 
A

FEAB
LandFEAB

2

)(4
=)(>4

2*

3

2* 



  (25) 

as well as  

 .)(sin)(=)( 3
2

)*(

1

3
/

3 dtstLetFs A

tFE
Ls

s










 (26) 

 If there exists a sequence 

1=}{ nnu  such that  

 0,=)(=lim 3 nn
n

uandu 


 (27) 

then every solution ),( txw  of the problem (4), a) − d), which is of the form (5), has at least 

one zero in the set NnLuul nn  ],/,()(0, 33    

 

We point out that Theorems 1 and 2 would remain true, if we replace .I  by .X , but 

the families of sets with at least one zero of the solution of the form (5) would be 

 2 1
(0, ) ( , / )n n n

l s s L



    and  3 1

(0, ) ( , / )n n n
l u u L




  . Finally, all the described above 

distribution of the zeros remain true for the respective homogenous subcases of (3) and (4), 

respectively. 
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